On the zeros of an algebraic polynomial and its consecutive derivatives

Bl. Sendov

1 Introduction

In 1958 we formulated the following [2, 5]:

Conjecture 1 If all the zeros of the polynomial p(z) = (z−z_1)(z−z_2) · · · (z−z_n) (n ≥ 2) lie in the unit disk D = D(0, 1) = {z : |z| ≤ 1}, then for every z_k the disk D(z_k , 1) = {z : |z − z_k| ≤ 1} contains at least one zero of p^′(z).

In this paper we formulate and investigate a generalization of this conjecture.

Conjecture 2 If all the zeros of the polynomial p(z) lie in the unit disk, then for every zero z_k of p, the disk D ( z_k, 2s s + 1 ) = { z : |z − z_k| ≤ 2s s + 1 }

contains at least one zero of p^{(s)}(z); s = 1, 2, . . . , n − 1.

2 Preliminaries and notations

As we are interested only in the relative location of the zeros of a polynomial and the zeros of its derivatives, it is sufficient to consider only monic polynomials p(z) = (z − z_1)(z − z_2) · · · (z − z_n). The geometric interrelations between the set A(p) of zeros of p and the set A(p^{(s)}) of zeros of p^{(s)} are invariant with respect to rotation, translation and scaling. Studying these interrelations, we may prescribe the center and the radius of the smallest disk, which contains the set A(p).

Set the following notations:

1. A(p) - the set of all distinct zeros of the polynomial p;

2. H(p) = H(A(p)) - the convex hull of p;

3. P_n - the set of all monic polynomials p of degree n ≥ 2, such that the smallest disk containing A(p) is the unit disk;

Lemma 2.1 If p ∈ P_n, then:

1. At least two zeros of p lie in the unit circle C = {z : |z| = 1};

2. At least one zero of p lies in each subarc of C with length π.

First we list two classical theorems from the Geometry of polynomials. For more results see [3].

Theorem 2.1 (Gauss–Lucas). For every algebraic polynomial p, A(p^′) ⊂ H(p).

Definition 2.1 The polynomials p(z) = n∑ k=0 ( n k ) a_kz^k and q(z) = n∑ k=0 ( n k ) b_kz^k are called apolar if_n ∑ k=0 (−1)^k ( n k ) a_kb_{n−k} = 0. (2.1)

The equation (2.1) is called the apolarity condition.

Theorem 2.2 (Grace Apolarity Theorem). Let p and q be apolar, then any circular region containing all zeros of p or q contains at least a zero of the other.

A circular region is a closed disk or a closed half-plain.

Lemma 2.2 If p(z) = a_0z^m + a_1z^{m−1} + · · · + a_m and a_0 ≠ 0, then p has at least one zero in the disk D(0, r), where r = |a_m/a_0|^{1/m}.

Proof. The polynomial q(z) = a_0z^m −(−1)^ma_m is apolar to the polynomial p and all of the zeros of q lie in the disk D(0, |a_m/a_0|^{1/m}). The proof of the lemma follows from the Grace Apolarity Theorem 2.2. 2

Lemma 2.3 If p ∈ P_n, z_1 ∈ A(p) and |p^{(s)}(z_1)| ≤ (n!/(n−s)!)r^{n−s} , s = 1, 2, . . . , n− 1, then there exists a ζ_1 ∈ A(p^{(s)}), such that |z_1 − ζ_1| ≤ r.

Proof. We have

p^{(s)}(z_1 − z) = (−1)^{n−s} n! (n − s)! z^{n−s} + · · · + p^{(s)}(z_1).

By Lemma 2.2 | | | | a_{n−s} a_0 | | | | = | | | | p^{(s)}(z_1)(n − s)! n! | | | | = r^{n−s} , or r = |a_m/a_0|^{1/(n−s)}. 2

Lemma 2.4 For every p ∈ P_n and s ∈ {1, 2, . . . , n − 1}, the following inequality

|p^{(s)}(z_1)| ≤ s! ( n − 1 n − s ) (1 + |z_1|)^{n−s}

holds.

Proof. From p(z) = (z − z_1)(z − z_2) · · · (z − z_n) and |z_k| ≤ 1; k = 1, 2, . . . , n there follows

|p^{(s)}(z_1)| ≤ s! ∑ 2≤k1≤···≤kn�s≤n |(z_1 − z_{k1} )(z_1 − z_{k2} ) · · · (z_1 − z_{kn}�_s )|

≤ s! ∑ 2≤k1≤···≤kn�s≤n (1 + |z_1|)^{n−s} = s! ( n − 1 n − s ) (1 + |z_1|)^{n−s}. 2

From Lemma 2.3 and Lemma 2.4 follows a rough estimate:

Theorem 2.3 If p ∈ P_n, then for every zero z_k of p there exists a zero ζ_l of p^{(s)}, such that |z_k − ζ_l| ≤ 2 ( s n ) 1_n�_s ; s = 1, 2, . . . n − 1. Proof. From Lemma 2.4, for every zero z_k of p |p^{(s)}(z_k)| ≤ s! ( n − 1 n − s ) 2^{n−s} . Hence, from Lemma 2.3, we have n! (n − s)! r^{n−s} = s! ( n − 1 n − s ) 2^{n−s} , or r = 2 ( s n ) 1_n�_s . 2 Theorem 2.3 is not trivial, as from the Gauss – Lucas Theorem follows only that |z_k − ζ_l| ≤ 2. 3 Generalized conjecture

In this section we consider partial proofs of Conjecture 2.

For n = 1, Conjecture 2 is Conjecture 1. For n = n − 1, Conjecture 2 is trivial, as p^{(n−1)}(z) has only one zero ζ_1 = (z_1 + z_2 + · · · + z_n)/n. Then

|z_1 − ζ_1| ≤ sup { z_1 − z_1 + z_2 + · · · + z_n n : |z_k| ≤ 1, k = 1, 2, . . . , n } = 2(n − 1) n .

Lemma 3.1 If p ∈ P_n, z_1 ∈ A(p) and |z_1| = 1, then ther exists a zero ζ_1 of p^{(s)}(z) on the disk D(z_1/(s + 1), s/(s + 1)) ⊂ D(z_1, 2s/(s + 1)).

Proof. Using the method of A. Meir and A. Sharma [4], we may set z_1 = 1 and p(z) = (z − 1)q(z). Let ζ_1, ζ_2, . . . , ζ_{n−s} be the zeros of p^{(s)} and η_1, η_2, . . . , η_{n−s} be the zeros of q^{(s−1)}. By Gauss–Lucas Theorem 2.1 |η_k| ≤ 1; k = 1, 2, . . . , n − s. If p^{(s)}(1) = 0, we are done. Let p^{(s)}(1) ≠ 0, then

p^{(s+1)}(1) p^{(s)}(1) = s + 1 s · q^{(s)}(1) q^{(s−1)}(1) and_{n−s} ∑ j=1 ℜ ( 1 1 − ζ_j ) = s + 1 s n−s∑ k=1 ℜ ( 1 1 − η_k ) ≥ (s + 1)(n − s) 2s . If ℜ(1/(1 − ζ_1)) = max{ℜ(1/(1 − ζ_j )) : j = 1, 2, . . . , n − s}, then ℜ ( 1 1 − ζ_1 ) ≥ s + 1 2s , therefore

ζ_1 ∈ D(1/(s + 1), s/(s + 1)) ⊂ D(1, 2s/(s + 1)). 2

Corollary 3.1 If p ∈ P_n, z_1 ∈ A(p) and |z_1| = 1, then there exists ζ_1 ∈ A(p^{(s)}), such that |z_1 − ζ_1| ≤ 2s s + 1 ; s = 1, 2, . . . , n − 1. Corollary 3.2 Conjecture 2 is true for a polynomial p ∈ P_n if all the corners of H(p) are on the unit circle C = {z : |z| = 1}.

Proof. If all the corners z_{k1} , z_{k2} , . . . , z_{kl} of H(p) are on the unit circle, then H(p) ⊂ l⋃ m=1 D(z_{km} /(s + 1), s/(s + 1)). If a zero z_1 ∈ D(z_{k1} /(s + 1), s/(s + 1)) ⊂ D(z_1, 2s/(s + 1)), then there exists a zero ζ_{k1} of p^{(s)}, such that |z_1 − ζ_{k1} | ≤ 2s/(s + 1). 2

Lemma 3.2 If p ∈ P_n, z_1 ∈ A(p), |z_1| < 1 and s ∈ {1, 2, . . . , n − 1}, then

|p^{(s)}(z_1)| ≤

(n − 3)! (n − s)! 2^{n−s−1} s(n^2 + s^2 − 3n − 3s + 4).

Proof. As |z_1| < 1, by Lemma 2.1, there are two zeros z_2, z_3 ∈ A(p) such that |z_1| = |z_2| = 1,

arg z_2 ≤ arg z_1 ≤ arg z_3 and 0 ≤ arg z_3 − arg z_2 ≤ π.

Then, it is geometrically obvious that

|z_1 − z_2||z_1 − z_3| ≤ 2 and | | | |z_1 − z_2 + z_3 2 | | | | ≤ 1. (3.2)

Using (3.2), we have, as in Lemma 2.4

p^{(s)}(z_1) = s! ∑ 2≤k1≤···≤kn�s≤n (z_1 − z_{k1} )(z_1 − z_{k2} ) · · · (z_1 − z_{kn}�_s ) =

s! (z_1 − z_2)(z_1 − z_3) ∑ 4≤k3≤···≤kn�s≤n (z_1 − z_{k3} )(z_1 − z_{k4} ) · · · (z_1 − z_{kn}�_s )+ 2 ( z_1 − z_2 + z_3 2 ) ∑ 4≤k2≤···≤kn�s≤n (z_1 − z_{k2} )(z_1 − z_{k3} ) · · · (z_1 − z_{kn}�_s )+ ∑ 4≤k1≤···≤kn�s≤n (z_1 − z_{k1} )(z_1 − z_{k2} ) · · · (z_1 − z_{kn}�_s ) and |p^{(s)}(z_1)| ≤ s! [ 2 · 2^{n−s−2} ( n − 3 n − s − 2 ) + 2 · 2^{n−s−1} ( n − 3 n − s − 1 ) + 2^{n−s} ( n − 3 n − s )] = (n − 3)! (n − s)! 2^{n−s−1} s(n^2 + s^2 − 3n − 3s + 4). 2

Theorem 3.1 Conjecture 2 is true for:

1) s = 2 and n = 4, 5, 6; 2) s = n − 2 and arbitrary n; 2) s = n − 3 and arbitrary n.

Proof From Corollary 3.1 and Lemma 3.2 follows that Conjecture 2 is true for a given pair (s, n) if s n^2 + s^2 − 3n − 3s + 4 n(n − 1)(n − 2) ≤ 2 ( s s + 1 )_{n−s} . (3.3)

For s = 1, the inequality (3.3) is n ≥ 2^{n−2}, and that is an easy proof of Conjecture 1 fore n = 3, 4. Conjecture 1 is proved for n ≤ 8, see [1].

For s = 2, the inequality (3.3) is n ≥ (3/2)^{n−2} , therefore Conjecture 2 is true for the pears (2,4), (2,5) and (2,6).

For s = n − 2 the inequality (3.3) is n − 2 ≤ n − 1, hence Conjecture 2 true for every n and s = n − 2.

For s = n − 3 the inequality (3.3) is

n^2 − 6n + 11 n(n − 1) ≤ (n − 3 n − 2 )_2 , which is satisfied for every n ≥ 4. Therefore Conjecture 2 true for every n and s = n − 3. 2

References

[1] Brown, J. E. and G. Xiang, J. Math. Anal. Appl. 232, # 2 (1999), 272–292.

[2] Hayman, W. K.: Research Problems in Function Theory, Althlone Press, London, 1967.

[3] Marden, M.: Geometry of Polynomials, 2nd edition, Math. Surveys Monographs, 3, Amer. Math. Soc., Providence, RI, 1966.

[4] Meir, A. and A. Sharma, Pacific J. Math. 31 (1969), 459 - 467.

[5] Sendov, Bl., East Journal on Approximation, 7 # 2 (2001), 1 - 56.

Central Laboratory for Parallel Processings, Bulgarian Academy of Sciences ”Acad. G. Bonchev” street, Block 25A, 1113 Sofia, Bulgaria E-mail: bsendov@argo.bas.bg,

http://WWW.copern.bas.bg/~bsendov/

Submited August 14, 2001.