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SDE
dX; = a(X¢) dt + b(X¢) dW, t €[0,1],

Xo = X0

Computational task: constructive approximation of

e the distribution ¢t = Px on the path space X,
e the marginal distribution ;1 = Px, on the state space X

n
ﬂ = ZCI ’ 5Xi
i=1

with finite support {xi,...,x,} C X.

by probability measures

Challenges:
e distribution p is given only implicitly by xp, a, b.
e dim(X) = oo for the path space X.
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Class of scalar SDEs
(x0,a,b) € H=[-L,L] x Hy x H,.
Target spaces
a) for Px: X = C([0,1)] or X = L,([0,1)], p € [1,00),
b) for Px,: X =R.
Put
M(X) = {1/: v Borel prob. measure on X',Vs > 1: /X l|Ix]|* dv(x) < oo}

and consider a metric p on M(X)
Approximate p: H — M(X) with

Px  fi
M(Xo,a,b)Z{ x fora)

PX1 for b)
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Deterministic algorithms
w:H— {ve MX): |supp(v)| < =},

based on finitely many eval's of a,b,a’, b/, .. ..

Cost and Error

cost(fi) = sup (#eval'sof a,b,a’, b, ... + Farithmetical operations)
(x0,a,b)EH
e(n) = sup  p(u(xo; a, b), ii(xo, a, b))
(x0,a,b)EH

Minimal Errors
en = en(H, p) = inf{e(iz): cost(i) < N}

Quantization numbers w.r.t. p. For v € M(X)

an(v) = inf{p(v,v): v € M(X),|supp(v)| < n}.

Clearly,

ev > sup  gn(u(xo,a, b)).
(x0,a,b)EH
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Il. Quadrature Formulas on the Path Space

Class of SDEs: (xp,a,b) € H =[—L, L] x Hx H, where
H={he C*(R): [A(O)],|H],|H"| < K}

with L, K > 0.

Path space: X = C([0,1)] or X = L,([0,1)] with p € [1,0).

Metric: Wasserstein metric p(®) of order s > 1 on M(X)

N . s 1/s
pO ) =inf ([ fx=yl* dex.y)
€ Maxx

with inf over all Borel prob. measures £ on X x X with marginals v, 7.
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Theorem (Dereich 2008). For every (xp,a,b) € H

an(1(x0, a, b)) = K(xq, a, b, X,s) - (log n) /2

Theorem (M-G, Ritter 2011).
en = (log N)~1/2

Remark

(i) Construction uses Brownian bridge quantization and yields i, with

|supp(fin)| < n, cost(fin) < c-n, e(fin) < c-(logn)~1/2
Moreover, if X = L,([0,1]) and s = p or if X = C([0, 1]) then
P9 (1(x0, a, b), fin(x0, a, b)) ~ K(x0, a, b, X, 5) - (log n) /2.

(ii) Alternative approaches to constructive quantization

e ODE-based, using rough paths theory,
see Luschgy, Pagés (2006), Pagés, Sellami (2010),
e using series expansions for X, see Luschgy, Pagés (2008).
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Sketch of Construction for p = s = 2.
Idea: Approximate X = X(xo,a, b) by X = X! + X2, where

X' = piecewise linear interpolation of Milstein (coarse level)
scheme )A(to, .. ,)AQM at times t; = ¢/m,
Z b( ti R 1[@ L] (1) (local refinement)

Construct approximations

1
It = Z w; - 6x,- of P()?ro,.--,)?rm)’

~2 _ . P —
:U'x, = Z Wi j 5{[.,1. of PZZ’:1 b(xi,f—l)'B([)'l[t471‘tg]7 I = 17 ey /\/’17

with x; € R™"! and functions f;; € L»([0, 1]). Approximate (xo, a, b) = Px by
My, M,

fi(xo, a, b) Z Z Wi - Wi j - x,+f,,

i=1 j=1
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Ingredients
e Quantization of N(0, 1): v, € M(R) with |supp(v,)| = n and

pP(N(0,1),v,) < c-n"t
e Quantization of Brown. bridge B: @, € M(Lx([0,1])) with | supp(Q,)| = n and

P (Pg, Qn) < c - (log n) /2.

Construction: parameters m,n, N € N

e Quantization of Milstein scheme: note that
)?te = g()?qu m~1/2. Z£)7
where Zy,...,Zy ii.d. ~ N(0,1). Employ m times v,.

e Quantization of weighted Brownian bridges b(x; ¢—1) - B®: Employ Qn, with

ny = {Nlb(x/',zfl)l/ >k \b(xf,k—l)l].

Adjust parameters, e.g., m = n = (log N)* with o € (1/2,1).
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Example: square-root diffusion
dXt = O[(KJ - Xt) dt + ﬂ\/ Xt th
with o = 1.0, Kk = 0.02, 8 = 0.2, xo = 0.04.

Coarse level via quantization of Milstein scheme with step-size 1/3:

8 polygons with uniform weight 1/8.

10



Example: square-root diffusion
dXt = O[(KJ - Xt) dt + 6 \V4 Xt th
with o = 1.0, Kk = 0.02, 8 = 0.2, xo = 0.04.

Local refinement via quantization of Brownian bridges based on
Karhunen-Loéve expansion with basis functions

gi(t) = V2 sin(kr-t), keN.

10



Example: square-root diffusion
dXt = O[(KJ - Xt) dt + 6 \V4 Xt th
with o = 1.0, Kk = 0.02, 8 = 0.2, xo = 0.04.

Local refinement via quantization of Brownian bridges based on
Karhunen-Loéve expansion with basis functions

gi(t) = V2 sin(kr-t), keN.

10



Example: square-root diffusion
dXt = O[(KJ - Xt) dt + 6 \V4 Xt th
with o = 1.0, Kk = 0.02, 8 = 0.2, xo = 0.04.

Local refinement via quantization of Brownian bridges based on
Karhunen-Loéve expansion with basis functions

gi(t) = V2 sin(kr-t), keN.

10



l1l. Quadrature Formulas on the State Space

Class of SDEs: (xp,a,b) € H =[—L, L] x H x H®, where

H={he C*R): [n(0)|, AV < K,j=1,...,4},
He = {he H: |h >}

with L, K, > 0.
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l1l. Quadrature Formulas on the State Space

Class of SDEs: (xp,a,b) € H =[—L, L] x H x H®, where

H={he C*R): [h(0)|,[h)| <K, j=1,...,4},
H*={he H: |hl >¢}

with L, K,e > 0.

State space: X = R
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Il. Quadrature Formulas on the State Space

Class of SDEs: (xp,a,b) € H =[—L, L] x H x H®, where

H={he C'R): [h(O)],[h)| < K, j=1,...,4},
={he H: |h >e}

with L, K,e > 0.
State space: X = R

Metric: for v,v € M(R)

pr(v, D) —sup‘/fdu—/fdy
feF

F={feC'R): || <M -1+|2),j=1,...,4}

where

with M, 3 > 0.
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Theorem (M-G, Ritter, Yaroslavtseva 2011). For every § > 0

- c-N=2/3t0 if e >0,
e N e BT

with ¢ = ¢(d,e,H, F).
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e Weighted integration on RY: Wasilkowski, WoZniakowski (2000, 2001).
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Theorem (M-G, Ritter, Yaroslavtseva 2011). For every § > 0
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with ¢ = ¢(d,e,H, F).

Conjecture for (xo,a,b) € H = [—L, L]? x H, 4 x H; 4 and the metric pf
with F=F, 4, r > 4. Let e > 0. For every 6 >0

en < (8,6, 1, F) - N~(r=2)/(d+2)+5

Remark. Related results and alternative approaches

e Weighted integration on RY: Wasilkowski, WoZniakowski (2000, 2001).
For pu(xo, a, b) with Lebesgue density satisfying decay conditions,

anl11(0, 3, b)) = ="/,

e Nonlinear integration problems for SDEs: Petras, Ritter (2006).
For a semi-metric PLFY with fixed f, fixed xo, b =1, varying a € H, 4,
ey >c-N~"/9.
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Theorem (M-G, Ritter, Yaroslavtseva 2011). For every § > 0
_ e N=2/3+0 if ¢ > 0,
(S
A o e I
with ¢ = ¢(d,e,H, F).

Conjecture for (xo,a,b) € H = [—L, L]? x H, 4 x H; 4 and the metric pf
with F=F, 4, r > 4. Let e > 0. For every 6 >0

en < (8,6, 1, F) - N~(r=2)/(d+2)+5

Remark. Related results and alternative approaches

e Quadrature on the Wiener space: Kusuoka (2001, 2004), Lyons,
Victoir (2004), Ninomiya, Victoir (2008), Litterer, Lyons (2010), ...

e Finite difference methods via Feynman-Kac representation
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Sketch of Construction for e = 1.

Fix (xo0,a, b) € H and 6 > 0.

Idea: sparse space discretization of Euler scheme with step-size 1/m
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Idea: sparse space discretization of Euler scheme with step-size 1/m
Leads to Markov chain (Y.°)icn, with
e state space S = G U {xp}, where
G= {i‘ m2. = —[ml/”‘;],..., [ml/”‘s]},

e initial value xp,
e transition probabilities p, , = p, -(xo, a, b).
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Sketch of Construction for e = 1.

Fix (xo0,a, b) € H and 6 > 0.

Idea: sparse space discretization of Euler scheme with step-size 1/m

Leads to Markov chain (Y.°)icn, with
e state space S = G U {xp}, where

G={i m-l2 .= _[m1/2+5],__.’ [m1/2+5] Y

e initial value xp,
e transition probabilities p, , = p, -(xo, a, b).

Approximation

ﬁ(Xo, a, b) = IPY,,XP = Z Pigz - 0z.
ze$S

13



Fix y € S. Euler step

XE=y+aly) mitbly) - m2. v,
—_—

e

V ~ N(0,1).
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Fix y € S. Euler step

XE=y+aly) m+bly)- m 2.V, V~NQO1I).
N—_————

e

Construction of probabilities (py ,),cs such that #{z: p,, # 0} is small
and

!E(XE — e)j —E(Y{ - e)j| <c-(1+yl¢)-m2

for all j € N.

14



Fix y € S. Euler step

XE=y+aly) m+bly)- m 2.V, V~NQO1I).
N—_————

e

Construction of probabilities (py ,),cs such that #{z: p,, # 0} is small
and
B(XE— e ~E(Y! — e < c- (14 |y[") -2

for all j € N.

Approach, essentially,

gridpoints: | eg, e]g = [|b(y)[] - m™/2,
lele, [ele = [[b(y)I] - m*/?
weights:  solve
E(XE —ey =E(YY —e), j=1,2,3.
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XE=y+aly) - mr+bly) - m2. v, V~NO,1).

|
[ele + [Ib(y)[] - m~1/
lele + [Ib(y)[]- m~*/2
y
lele
lele

[ele — [1b(y)I] - m1/2

leJe — [b(y)IT - m~1/2

I
I
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Fix y € S. Euler step

XE=y+aly) - mr+bly) - m2. v, V~NO,1).

[elg + [|b(y)|]- m™*/?
lele + [Ib(y)|]- m™/2
Yl
‘Qi;:kk lele
lelc lele
[elc — [|b(y)[] - m~/2

leJe — [b(y)IT - m~1/2

with

u=m"?([e]c —e)

I
I
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Fix y € S. Euler step
XE=y+aly) - m+b(y)-m V2.V, V~N(QO1).
S————

[ele + [1b(y)IT - m™*/2 I

leJo + [1b(y)[] - m/2

[e]c j:e
lele :

[ele — [Ib(y)[]-m™/2 I

el = [|b(y)[] - m1/2
with

_ 3P+’ -1
u=m"?-([elg —e), n = 6[1b(y)[12
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Fix y € S. Euler step
XE=y+aly) m+bly)- m 2.V, V~NQO1I).
~———

[ele + [1b(y)IT - m™*/2 I

lele + [1b(y)[]-m™/2 4

Yedo,
E lele [ele j:e

lele lele 5

fele = TIb()] - m 12 I

leJe — [b(y)IT - m~1/2

with
3R+ —1 3R(y) + i 2u

u=m2. ([e]lgc—e), vy = y V2
(Fels - ) IEOIE Ok
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Cost and Error

Recall
X07 a, b Z pXo, z~
z€eS
We have
eval's of a, b arithm. op.
support points, S < c-mt/2Ho
. Tor Cnl/2+6 L l/2+6
transition probabilities, (py ;), .es | < c-m <c-m
weights, (p{™))zcs < c-md/te
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Cost and Error

Recall
X07 a, b Z pXo, z~
zeS
We have
eval's of a, b arithm. op.
support points, S < c-mt/2Ho
transition probabilities, (p, ), zes | < ¢ - mt/?+0 < c.mb/2ts
weights, (p{™))zcs < c-md/te
Hence,
cost(fi) < ¢ - m3/?+°,
Furthermore,

e(i) < c-m

16
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IV. Final Remarks

path space:

d-dim. systems of SDEs need quantization of Lévy-areas

state space:

gap between lower bound N="/9 and upper bound N—(r—2)/(d+2)
better results via approximation by general measures?

what can be achieved with randomized algorithms?
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