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| Multivariate Problems |

cont. 4+ linear + nonzero Sy : — Gg4 Hilbert spaces

Worst Case Setting : A, (f) = ¢on(L1(f), ..., Lo(f))
Randomized Setting :  A,(f,w) = ¢nw)w(L1.w(f); s Lnw).w(f))

w a random element, E,n(w) <n

Standard Information Astd : Li(f)=f(z;), Ljo(f)=f(z;.)
Linear Information A*': [, L,, — linear functionals

see Hinrichs, Novak + W [2011]
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Settings

Worst : sup  ||Sa(f) — An(f)]]
| fllF, <1

Randomized : sup (B, [|Sa(f) — An(frw)]?)"
1£llr, <1

Information Complexity : sett € {wor,ran}, A c {Astd A3ll}

n**(g,S4,A) = min{n| I A, with L; e A *"(A,) <ee*"(0)}
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IRAN ~ WOR for A®!

(Novak[88], Wasilkowski [88], ... )

\\@,\,\o_qAMmu M&u\/m:v m 335?& M&u\/m:v m \\@,\,\o_quu M&u\/m:v

1
4

For compact 5, :

n" (e, Sqg, A" = min{n | A1 <N} < 00 Ve>0,
where

S\&d@.”\/@d@ for S\&H%Mm& and \/H Nv,w Nwou v,3|v©

Optimal algorithm in the Worst Case: n = n""(g, Sy, A2,

n

\_.SA\V — M A\u du.vmug mgdm.

j=1
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Class AStd of Function Values

Main question:

What is the power of Astd
as compared to the power of A2ll?

SWQDAWQ ,m‘n?\/mﬁav -~ 3&@5?& ‘m‘&u\/@:v

If so then

RAN for As*Y ~ Ran for A ~ WOR for A%l

This is the case for, see Wasilkowski + W [2006],

M‘&\u = »bvmku&\w = A\w € Gg= N.\M%A@&V
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From now on we assume

1/2

1fllra = f*(x) pa(w) dz

Dy

Od prob. density function
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| Lower Bounds |

For all (nonzero) Sy

Swmbﬂmumgu\/mﬁav N

independently of how small is

nran Amu mgu >m:v
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Lower and Upper Bounds

= sup dim(Sq(Fy)) < o©
d

then

n' (e, S, A5 = a(e, d) e 2 with  a(e,d) € [1/4,k + 1]

Hence

1 2
B\HmbAmu M&g>mﬁav 2 Alv

E
All finite dimensional linear multivariate problems
are strongly polynomially tractable with
the same exponent = 2
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7>:u=:.m_.< cont.+4linear +nonzero S,

For sett € {wor, ran}
sett : sett
Sa,\) = f A
en (S, ) A, with F.m>m (An)
mwmoﬂﬁm.&u.\/m:vw _ \/33_.H

Ym

A A
1 < QNQBAM.&U.\/mﬁva < \/Sn_nH + MUQIH J
4n n

A; ordered eigenvalues of W; = S35,
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| Weak Tractability

S ={S54} is weakly tractable iff

sett
lim In n Amu%&u.\/v — 0
e~ l+d—oo el +d

Then the following statements are equivalent

Weak Trac. for Rand. and Astd
Weak Trac. for Rand. and A2l

Weak Trac. for Worst and A2l
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| Polynomial Tractability |

S ={S;} is (strongly) pol. tractable iff 3 C,p, (¢=0)g >0

n*"(e,Sq,A) < CePd1 Vee(0,1), d=1,2,.

Then the following statements are equivalent

(St.) Pol. Tract. for Rand. and Ast
(St.) Pol. Tract. for Rand. and A

(St.) Pol. Tract. for Worst and A?!
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Polynomial Tractability

But the exponents are sometimes different

Pt (e, Sy A) < Ce P W geT W)y 22 (0,1), d

T hen for p= ﬁQOwA\/@:v and q= QéOwA\/mﬁ:v

35 Ap\/m:
35 A\/mﬁ

p

q
max (2, p)

)
)
H;QBA v
")

Q m H;QSA

max (2¢/p, q)

Summer 2011 12



Henryk Wozniakowski The Randomized Setting forLinear Multivariate Problems defined over Lo

Proof Technique: Lower Bounds

Lemma: If S; — R and

 fi,...,fn € Fq with ||fj|lr, =1

e fi's have disjoint support and Sgf; > n >0

then

e (S, A 2 (1- )

based on Novak [88] and Lemma 1 of Volume II, p. 63

For k= Lo,

o replace Sy by (f, @), with ¢ =n1 =n1(S4), ||9lF, =

o decompose Dy into Dg; with [, ¢*(t)dt = N~*

o take fj =VN¢lp,.
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Proof Technique: Upper Bounds

Eigenpairs of W, = 555, : Wanj = Ajn;

Opt. Alg. in the Worst Case: An(f) = MU (f15) ., Sany
=1

For Iy=1,,,

— f(7¢) m;(70)

U (T7)

Y

1
n

Cﬁ S.vﬁg ™~
(=1

> i1 A (1)
MUM.:HH Aj

iid with respect to w,, = pg Um-
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