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Plan of the talk

@ Stratified sampling

@ Integration of indicator functions

© Numerical results

Rami El Haddad, Rana Fakhereddine, Christian Lécot Stratified Monte Carlo Integration



Stratified sampling

@ Stratified sampling
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Stratified sampling

Numerical integration

e /:=10,1),
@ for s > 1, A is the s-dimensional Lebesgue measure,
@ g:/®* — R is square-integrable.

We want to approximate

J = [ g(x)dXrs(x).

|s
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Stratified sampling

Monte Carlo approximation

e {Ui,..., Uy} iid. random variables uniformly distributed
over /%,

1 N
X::N;goUg.
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Stratified sampling

Stratified sampling

o {Dy,...,Dp} a partition of /°,

@ Ny,..., N, integers,
o {UF,..., U,’{,k} i.i.d. random variables uniformly distributed
over Dy.
1 Ny ) p
Ty = Nk;go Uf, T:= ;As(ok)n

E[T]=J and Var(T) < Var(X)!2

1. J.M. Hammersley, D.C. Handscomb, Monte Carlo Methods, Methuen, Lon-
don (1964)

2. M. Evans, T. Swartz, Approximating Integrals via Monte Carlo and Deter-
ministic Methods, Oxford University Press (2000)
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Stratified sampling

Simple stratified sampling

@ {Dy,...,Dy} a partition of /*,

1
/\S(Dl) _ = )‘S(DN) - Nv
e {V4,..., Vn} independent random variables,

@ V, uniformly distributed over D,.

1 N
Y::N;go Vy.

E[Y]=J and Var(Y) < Var(X)3%

3. S. Haber, A modified Monte Carlo method, Math. Comput. 20, 361-368
(1966)

4. R.C.H. Cheng, T. Davenport, The problem of dimensionality in stratified
sampling, Manage. Sci. 35, 1278-1296 (1989)
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Integration of indicator functions

@ Integration of indicator functions
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Integration of indicator functions

Monte Carlo approximation

° A C /S’ g = ]-Aa \-7 = AS(A)'
e {Ui,..., Uy} i.i.d. random variables uniformly distributed
over /%,
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Integration of indicator functions

e-collars

Il = o i
For e > 0,
Ae = {xelP:VyelP\A|x—ylow >c¢},
Ae = {xelfP:3yeAlx—yllo <e}.
A_. C ACA..

@ Suppose there exists a nondecreasing v : [0, +00) — [0, +00)
such that

Ve >0 max (As(A: \ A), As(A\ AL)) < (e),

Stratified Monte Carlo Integration
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Integration of indicator functions
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Integration of indicator functions
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Integration of indicator functions
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Integration of indicator functions

Simple stratified sampling : Jordan measurable set

o N=n°; for k= (ki,..., ks) with 1 < k; < n,

k-1 k
Ck::H|: n an)v

i=1

@ {Vk:1< ki < n} independent random variables,
@ Vi uniformly distributed over Cj.

1
Y::Nzk:leVk.

Proposition 1. If
Ve >0 max (As(A: \ A), A(A\ A_L)) < 7(e),
then
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Integration of indicator functions

Simple stratified sampling : Jordan measurable set

Proof. We have
1
Var(Y) < W#{k :CkNAZ#Dand G ¢ A}

Since
U Ck CA1n \ A1/
CkNA#D and C,ZA

we have
N ok g n 7

hence the result.

o for linear v we obtain
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Integration of indicator functions

Under the hypersurface

o f: 17" 5 Tand Ar = {(X',xs) € I° - xs < f(X)}.

We want to approximate

I:= /[s—l f(x")dAs—1(x") = //s 14, (x)dAs(x).
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Integration of indicator functions

Simple stratified sampling : under the hypersurface

o N=n°; for k= (ki,...,ks) with 1 < k; < n,

k-1 k
Ck::H|: n ’I’))’

i=1

@ {Vk:1 < k; < n} independent random variables,
@ Vj uniformly distributed over Cj.

1
Y::Nzk:lAfoVk.

Proposition 2. If f is of bounded variation V(f) on I°, then

s—1 1 1
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Integration of indicator functions

Simple stratified sampling : under the hypersurface

Proof. For k = (ki,..., ks) with 1 < k; < n,
s—1

ki—1 ki
k' = (ki,...,ks—1) and C, :=H[ )

i=1

We have :

Var(Y) < 4/\/2 Z#{k Cikr k) NAF # 0 and Cpo 4y ¢ Ar}
and

o if Cr k) NAr # 0 then 3x;, € Cp, such that ks < nf(x,) +1,

o if Cur k) € Ar then Jy;, € Cj, such that nf(y,,) < ks.
Hence

The result follows from Lemma 1.
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Integration of indicator functions

Variation

Lemma 1.° Let f be a function of bounded variation V() on I”.
Let ny,...,ns be integers. For k = (kq, ..., ks) with 1 < k; < n;,

denote Cy :=[[7_; [k"_l ﬁ) and xx, yx € Cx. Then

ni 7’ n;

S 1FG) — F)l < VO T m D0
k i=1 =1 "'

5. C. Lécot, Error bounds for quasi-Monte Carlo integration with nets. Math.
Comput. 65, 179-187 (1996)
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Numerical results

© Numerical results
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Numerical results

Measure of the unit ball : error

75/2

"Gy
We compare MC, stratified MC and QMC (using Faure sequence).

e s=2:N=102%202%30%...,400% = 160000 points,

e s=3:N=103%203303%...,2003 = 8000000 points,

o s=4:N=10%12%14% ...,40* = 2560000 points.
Suppose error = O(N™%),

Q={xel:|xl,<1} then A(Q)

TABLE: Order o of the error
dimension MC stratified MC QMC

2 0.36 0.66 0.78
3 0.49 0.52 0.80
4 0.18 0.60 0.68
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Numerical results

—20f

FIGURE: Error in the calculation of A\,(Q) and linear regression estimates
of the error as a function of N (from 102 to 400%). MC (black dotted
lines), stratified MC (blue dashed lines) and QMC (red solid lines).
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Numerical results

FIGURE: Error in the calculation of A3(Q) and linear regression estimates
of the error as a function of N (from 103 to 200%). MC (black dotted
lines), stratified MC (blue dashed lines) and QMC (red solid lines).
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Numerical results

22|

o4 L . . . L L L
13 14 15 16 17 18 19 20 21 22

FIGURE: Error in the calculation of A\4(Q) and linear regression estimates
of the error as a function of N (from 10* to 40*). MC (black dotted
lines), stratified MC (blue dashed lines) and QMC (red solid lines).
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Numerical results

Measure of the unit ball : variance

@ We compare MC and stratified MC,

@ in order to estimate the variance, we replicate the quadrature
independently M times and compute the sample variance,

e we use M =100, 200,...,1000.
Suppose Var = O(N—5),

TABLE: Order (3 of the variance

dimension MC stratified MC theoretical bound

2 1.00 1.49 1.50
3 0.99 1.34 1.33
4 1.00 1.26 1.25
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Numerical results

FI1GURE: Sample variance of M independent copies of the approximation
of A2(Q) as a function of N (from 102 to 400%). MC (black) and stratified
MC (blue); M =100 (dashed lines) and M = 1000 (solid lines).
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Numerical results

10 12 14 16 18 20 22 24

FI1GURE: Sample variance of M independent copies of the approximation
of A3(Q) as a function of N (from 103 to 200%). MC (black) and stratified
MC (blue); M =100 (dashed lines) and M = 1000 (solid lines).
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Numerical results

30 I I I I I I I I
13 14 15 16 17 18 19 20 21 22

FI1GURE: Sample variance of M independent copies of the approximation
of A\4(Q) as a function of N (from 10* to 40*). MC (black) and stratified
MC (blue); M =100 (dashed lines) and M = 1000 (solid lines).
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