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Approximation problem

» Approximate stochastic integrals of the form

1

F(X0) = L (s, Xs)dXs

e.g. from option hedging

» Riemann approximation
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Approximation problem

» Approximate stochastic integrals of the form

1

F(X0) = L (s, Xs)dXs

e.g. from option hedging
» Riemann approximation
» Aim: Observe from the payoff function f “directly” the
approximation properties of f(Xj)
» Simulate fé d(s, Xs)dXs by a martingale, not computing
(s, Xs) too often
X = W) (d-dim. Brownian motion) or
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Approximation problem

» Approximate stochastic integrals of the form

1
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» Riemann approximation
» Aim: Observe from the payoff function f “directly” the
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Approximation problem

» Approximate stochastic integrals of the form

1

mm=L¢w&m&

e.g. from option hedging
» Riemann approximation

» Aim: Observe from the payoff function f “directly” the
approximation properties of f(X7)

» Simulate fé d(s, Xs)dXs by a martingale, not computing
d(s, Xs) too often

X = W) (d-dim. Brownian motion) or
X =Y Y=y 50 o Okm Yo AW 5 0wy =y

Results for d > 1; consider d = 1 and X = W for simplicity
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Approximation problem

(FY)

> (W¢)iep ) standard Brownian motion, (F¢)
> let F:R >R, f(Wy) € Ly
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> (W¢)iep ) standard Brownian motion, (F¢)
> let F:R >R, f(Wy) € Ly
» Define F:[0,1] x R =R € C*([0,1[ x R),

F(t,x):=E(f (W) | Wy =x) =Ef(x + Wi_).
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Approximation problem

(FY)

> (W¢)iep ) standard Brownian motion, (F¢)
> let F:R >R, f(Wy) € Ly
» Define F:[0,1] x R =R € C*([0,1[ x R),

F(t,x):=E(f (W) | Wy =x) =Ef(x + Wi_).

Then
oOF (1 OF
ot 2 0x?
F(1,x) = f(x).
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Approximation problem

(FY)

> (W¢)iep ) standard Brownian motion, (F¢)
> let F:R >R, f(Wy) € Ly
» Define F:[0,1] x R =R € C*([0,1[ x R),

F(t,x):=E(f (W) | Wy =x) =Ef(x + Wi_).

Then
oOF (1 OF
ot 2 0x?
F(1,x) = f(x).

By Itd’s formula:

1
FIM) = F(L,Wy) = EF (W) +J o (s Wo)daw..

)
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

LOF ~ dF
Ct(f>Tn) = d (5) WS)dWS_Z a(ti—l) Wt,',l) (Wt,'/\t - Wt,',l/\t)
i=1

0 OX
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0=ty <t <...<t,=1, and get the approximation error:

LOF ~ dF
Ct(f>Tn) = d (5) WS)dWS_Z a(ti—l) Wt,',l) (Wt,'/\t - Wt,',l/\t)
i=1

0 OX

> Properties of f «— properties of (C¢(f,Tn)) ;e )

> How to measure the size of (C¢(f,Tn))ci01)?

2
. _X
» Gaussian measure dy = —\/lz_ne z dx
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

LOF ~ dF
Ct(f>Tn) = d (5) WS)dWS_Z a(ti—l) Wt,',l) (Wl','/\l' - Wt,',l/\t)
i=1

o O0x
> Properties of f «— properties of (C¢(f,Tn)) ;e )

> How to measure the size of (C¢(f,Tn))ci01)?

XZ -
» Gaussian measure dy = \/%e_TdX ; (R,B(R),v)

7T
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

C(fT)'—JtE(s W)dW—iﬁ(t- We, 1) (Wine — W, )
t\I,Tph) = 0 Ox y s s — dx i—1) i1 t;/\t ti1/\t
> Properties of f «— properties of (C¢(f,Tn)) ;e )

> How to measure the size of (C¢(f,Tn))ci01)?

XZ -
» Gaussian measure dy = \/%e_TdX ; (R,B(R),v)

7T

|G(f,Th)lln, < 5

Sl
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

t
Co(F, ) :=J of

0

> Properties of f «— properties of (C¢(f,Tn)) ;e )

» How to measure the size of (Ct(f ™)) ecio1)?

» Gaussian measure dy = \/——n 7 dX ; (R,B(R),v)

IG(f,ta)llL, < 5 <= feDip
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0

> Properties of f «— properties of (C¢(f,Tn)) ;e )
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» Gaussian measure dy = \/——n 7 dX ; (R,B(R),v)

IIC(f,Tn)IIBMO < & &= f Lipschitz
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

‘F

~ dF
Ct(f>Tn) = J _X(S) WS)dWS_Z a(ti—l) Wt,',l) (Wl','/\l' - Wt,',l/\t)
i=1

0

> Properties of f «— properties of (C¢(f,Tn)) ;e )

» How to measure the size of (Ct(f ™)) ecio1)?

» Gaussian measure dy = \/——n 7 dX ; (R,B(R),v)

|G(f,Th)llLs SW & feDip, ;P |C1(f>Tn)|Z%
IC(f,tn)llemo < 7 = f Lipschitz 5 P (|G(f, 75)| = A} <ee?
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

‘F

~ dF
Ct(f>Tn) = J _X(S) WS)dWS_Z a(ti—l) Wt,',l) (Wl','/\l' - Wt,',l/\t)
i=1

0

> Properties of f «— properties of (C¢(f,Tn)) ;e )

» How to measure the size of (Ct(f ™)) ecio1)?

» Gaussian measure dy = \/——n 7 dX ; (R,B(R),v)

|G(f,Th)llLs SW & feDip, ;P |C1(f>Tn)|Z%
IC(f,tn)llemo < 7 = f Lipschitz 5 P (|G(f, 75)| = A} <ee?

IN
o
>

b

Co(F, )|l < cn2
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

‘F

~ dF
Ct(f>Tn) = J _X(S) WS)dWS_Z a(ti—l) Wt,',l) (Wl','/\l' - Wt,',l/\t)
i=1

0

> Properties of f «— properties of (C¢(f,Tn)) ;e )

» How to measure the size of (Ct(f ™)) ecio1)?

» Gaussian measure dy = \/——n 7 dX ; (R,B(R),v)

|G(f,Th)llLs SW & feDip, ;P |C1(f>Tn)|Z%
IC(f,tn)llemo < 7 = f Lipschitz 5 P (|G(f, 75)| = A} <ee?

IN
o
>

b

|G, Ta)ll1s < cn 2= f € BY,,
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Approximation problem

Discretize the integral on [0,1] using the time net T, := (¢;)7_,,
0=ty <t <...<t,=1, and get the approximation error:

t9F
Gl = | 5o

n
oF
0 (5) WS)dWS_Z a(ti—l) Wt,',l) (Wl','/\l' - Wt,',l/\t)
i=1

> Properties of f «— properties of (C¢(f,Tn)) ;e )

» How to measure the size of (Ct(f ™)) ecio1)?

» Gaussian measure dy = \/——n 7 dX ; (R,B(R),v)

1G(Ff Tl < 5 <= feDip P |C1(f,’fn)|2% < er?

IC(f,Tn)llsmo < & <= f Lipschitz ; P (|GL(f,7a)l > 75 ) < ce?

|G(F )l S en e Fe By, 5 P(IGIF ) 2 4 ) <2
y nz
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Fractional smoothness

Malliavin Sobolev space D, , and D; p,

(R, B(R),y) probability space
f-R—R,fely
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f:R—R, fely
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Df Malliavin derivative

Anni Toivola Approximating stochastic integrals in L,



Fractional smoothness

Malliavin Sobolev space D, , and Dy

(R, B(R),Y) probability space
f:R—R, fely

D1 > Malliavin Sobolev space
Df Malliavin derivative

feDip, 2<p<oo

[

1Fllp,, = (15, +1DFI5, )" < oo

Anni Toivola Approximating stochastic integrals in L,



Fractional smoothness

Malliavin Sobolev space D, , and Dy

(R, B(R),Y) probability space
f:R—R, fely

D1 > Malliavin Sobolev space
Df Malliavin derivative

feDip, 2<p<oo

[

1Fllp,, = (15, +1DFI5, )" < oo

Examples:

fi(x) = max(0,x), f € Dypforallp>2
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Fractional smoothness

Malliavin Sobolev space D, , and Dy

(R, B(R),Y) probability space
f:R—R, fely

D1 > Malliavin Sobolev space
Df Malliavin derivative

feDip, 2<p<oo

[

1Fllp,, = (15, +1DFI5, )" < oo
Examples:
fi(x) = max(0,x), f € Dypforallp>2

1 1
fo(x) = max(0, x%), 5 <a<l:fyeDypforp< rp—
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Fractional smoothness

Fractional smoothness of order 0 < 0 <1 for 2 < p < oo:

Besov space Bg)q:(Lp,]DI)p)eq (1<g< )
g
0=0~L,,06=1~Dy, lexicographical order in 6, g
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Fractional smoothness

Fractional smoothness of order 0 < 0 <1 for 2 < p < oo:

Besov space Bg)q = (Lp,]DI)p)e)q (1<g< )

0=0~L,,06=1~Dy, lexicographical order in 6, g

o0 th
Igleg,, = ( | [¢inf {llsols, + tlarlip,, -6 =g +a}]"

Iglsg.., = sup |t %inf {lgolz, +tlgilp, 6 = g0 + 1}
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Fractional smoothness

Fractional smoothness of order 0 < 0 <1 for 2 < p < oo:

Besov space B/?,q = (Ly,Dy,p) (1<qg< )

0,9

0=0~L,,06=1~Dq1p lexicographical order in 0, g

o0 th
lellsg, = (| |t inf {leols, + larlivn, & =g+ 2}

I&lsg., = sup |¢~inf {llgolz, + tlg1lpy, 8 = &0+,
’ >
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Fractional smoothness

Examples:

1
fo(x) = X000 (X)), fo € Bf oo forall p>2
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Fractional smoothness

Examples:

1
fo(x) = X000 (X)), fo € Bf oo forall p>2

i 1
fa(x) = max(0,x%),0 < a < 1:fy € Bfs for p> - o

2 Peo - '

L, 2,00 i Dy

- - | 1

£ - ! ‘

'f’/ fo, fuz,’ } |

4 ’ l |

/ / / fo oo

I ! / [ i

,/ :UF/) . ‘/ e p—— ;
i 1/p+1/2 1/p+a

Ly Bpow poo  Bpeo D1p
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Theorem 1 (Equidistant time net)
2<p<oo,0<B<l1

feBy, = |lGlfTh), <z

» p = 2: Geiss-Geiss, 2004 and Geiss-Hujo, 2007
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2<p<o0,0<08<1,1<g<00

Theorem 2
f N
I ||Bg,q c
~c
~c

I, +

I, +

11, + ||

(1— ) 2 ||F(1, Wh) — F(t, W)

1),44)

PlLg(l0,1),4%)

Le([0,1),7%)
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Theorem 2
2<p<o0,0<08<1,1<g<00

_9
IIfIIBg‘q ~c fll, +]|(1—1) 2IIF(l,Wl)*F(lf,WtJII,,‘ L0, )
10 ||OF
~c M, + |1 —=t)7 || —(t, W)
X
PlLy(10,1),7%)
20 ||02F
~c Ml +{[(1—t)z W(t,WtJ
X
PllLg(10,1),7)

Theorem 3
2<p<oo,0<B<1

noo. 2 2 %
1G(F, o)l ~ <ZJ (i — ) [%(u,vm} du)

i=1“ti-1
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Adapted time nets,0<6 <1
Define

Tl := sup sup M
0 i=1,..,nti_1<u<t; (1 - u)l_e
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> |Tl; = maxj—1, nlti — ti_1]
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Adapted time nets,0<6 <1
Define

Tl := sup sup M
0 i=1,..,nti_1<u<t; (1 - u)l_e

> |Tl; = maxj—1, nlti — ti_1]
Define

n : i1
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Theorem 4 (Non-equidistant time nets)
2<p<o0,0<08<1

feDd HCl(f,TS) <cn:

,
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Theorem 4 (Non-equidistant time nets)
2<p<o0,0<08<1

feDd HCl(f,TS) <cn:

,

1
— NIG(f,Dll, < c||Itl3

ee]
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Theorem 4 (Non-equidistant time nets)
2<p<o0,0<08<1

feDf Hcl(f,TS)( <cn
P
1
— NIG(f,Dll, < c||Itl3
2 \2
feD? : H(j;(lu)l— S5 (W) du> < oo

p
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Theorem 4 (Non-equidistant time nets)
2<p<o0,0<08<1

feDf HCl(f,TS) (p <cn

1

— NIG(f,Dll, < c||Itl3

(ee]
2\ 2
feDf,’ : ' <fé(1u)1_e [ixf(u, Wu)} du> < 00
P
> Df = Bze,z
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Theorem 4 (Non-equidistant time nets)
2<p<o0,0<08<1

feDf Hcl(f,TS)( <cn
P
1
— NIG(f,Dll, < c||Itl3
2\ 2
feDf,’ : ' <jé(1u)1—e [ixf(u, Wu)} du> < 00

> D =B3,. B, CDyC By
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Theorem 4 (Non-equidistant time nets)
2<p<o0,0<08<1

fenl « |lalf,md)|| <en
P
1
— NIG(f,Dll, < c||Itl3
o0
0 1 1-0 | 2%F 2 :
feD? : <j0(1u)— S5 (W) du> < oo

P

» D) =B3,, BY,CDJCB, . Dy=Di,
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Theorem 4 (Non-equidistant time nets)
2<p<o0,0<08<1

fenl « |lalf,md)|| <en
P
1
— NIG(f,Dll, < c||Itl3
o0
0 1 1-0 | 2%F 2 :
feD? : <j0(1u)— S5 (W) du> < oo

P

» D) =B3,, BY,CDJCB, . Dy=Di,
» p =2: Geiss-Hujo, 2007
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