Parallel Algorithms for Solution of a
Chemotaxis System in Haematology

Gergana Bencheva
Institute for Parallel Processing, Bulgarian Academy of Sciences
Acad. G. Bontchev Str. Bl. 25A, 1113 Sofia, Bulgaria

gery@parallel.bas.bg

Gergana Bencheva, PMAA’10, June 30 - July 2, 2010, Basel, Switzerland Parallel Algorithms for Solution of a Chemotaxis System in Haematology - p. 1/24



Contents

Motivation

Model of HSCs' movement

Numerical solution

Parallel algorithms

Concluding remarks

Gergana Bencheva, PMAA’10, June 30

Motivation

= Numerical solution
Parallel algorithms
Concluding remarks

- July 2, 2010, Basel, Switzerland

Model of HSCs' chemotactic movement

Parallel Algorithms for Solution of a Chemotaxis System in Haematology - p. 2/24




Motivation

e Haematopoiesis
e Blood pathologies
e HSCs migration

Model of HSCs’ movement

Numerical solution

Parallel algorithms

Concluding remarks

Gergana Bencheva, PMAA’10, June 30 - July 2, 2010, Basel, Switzerland

Motivation

Parallel Algorithms for Solution of a Chemotaxis System in Haematology - p. 3/24




Blood cells production and regulation

Haematopoietic pluripotent stem cells (HSCs) in bone marrow give

Motivation birth to the three blood cell types, because of their
e = rapid migratory activity and ability to "lhome” to their niche in the
e HSCs migration bone marrOW,

Model of HSCs’ movement

= high self-renewal and differentiation capacity, responsible for the
production and regulation of the three blood cell types.

Growth factors or Colony Stimulating Factors (CSF) — specific proteins
that stimulate the production and maturation of each blood cell type.

Blast cells — blood cells that have not yet matured.

Numerical solution

Parallel algorithms

Concluding remarks

Blood cell type Function Growth factors
Erythrocyte Transport oxygen Erythropoietin
to tissues
Leukocyte Fight infections G-CSF, M-CSF, GM-CSF,
Interleukins

Thrombocyte Control bleeding  Thrombopoietin
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Blood pathologies

Various hematological diseases (including leukaemia) are characterized by
abnormal production of particular blood cells (matured or blast).

Main stages in the therapy of blood diseases:

TBI: Total body irradiation (TBI) and chemotherapy — kill the "tumour" cells, but also
the healthy ones.

BMT: Bone marrow transplantation (BMT) — stem cells of a donor (collected under
special conditions) are put in the peripheral blood.

After BMT, HSCs have to:
1. find their way to the stem cell niche in the bone marrow; and
2. selfrenew and differentiate to regenerate the patient’s blood system.

Adequate computer models would help medical doctors to

= understand better the HSCs migration and differentiation processes;

= design nature experiments for validation of hypotheses;

= predict the effect of various treatment options for specific blood diseases;

= shorten the period in which the patient is missing their effective immune system.
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HSCs mobilization, homing and lodging
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Involved data
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Unknowns:

s(t, x) — concentration of stem cells in 2
a(t,x) — concentration of chemoattractant
b(t, ) — concentration of stem cells bound to stroma
cells at the boundary part I'4
s(t,x) > 0, a(t,z) > 0, b(t,z) > 0

rl stroma cells

Vv

Parameters:
e — random motility coefficient of HSCs [2 1o fux
x(a) — chemotactic sensitivity function O e R?
D, — diffusion coefficient of chemoattractant

_ 0=T1Uly
~ — consumption rate-constant for SDF-1 Ty ATy — 0

1 2 —

c(x) — concentration of stroma cells on I'y
B(t,b) — proportionality function in the production
rate of chemoattractant

A. Kettemann, M. Neuss-Radu, Derivation and analysis of a system modeling
the chemotactic movement of hematopoietic stem cells, Journal of
Mathematical Biology, 56, (2008), 579-610.
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The model

Os = V-(eVs—sVx(a)), In(0,T)x$
oa = DiAa—~vyas, in(0,T) xS

Motivation

Model of HSCs' movement

e Involved data

— cob on (0,7") x I
—(sﬁys—sxl(a)(‘?ya){ €15 — 20, (0,T) x Ty

Numerical solution O 9 On (O, T) X F2
— Dyd,a = D). on (019
0, on (0,7) x I'y

Otb =c15—cob, on (0, T)xT'yandb=0, on (0,7) x 'y
s(0) = sg, a(0) = ap in 2, and b(0) = by on I’y

Existence of unique solution is ensured by

ce HZ(00N), 8€ CLR x R,R), x € C2(R)
0<c(x)<c,xelyandc=0,z €Ty

5(0,b0) = 0,0 < B(t.5) < M, |2t b>| < M., |22 t,0)

0b ot
x € {x € C*(R)[0 < x(a),0 < X/(a) < Cy,|x (a)] < Cy,a € R}

< M,
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Finite volume method

Uy +£(U). +8(U)y = AUz + Uyy) + R(U)

Motiation U= (s,a,p,q), £(U)= (sxp,0,7vas,0)T, g(U) = (sxq,0,0,vas)!
Model of HSCs’ movement P = Qgz, Q= Qy, A = diag(gj DC“ Da7 Da), R(U) = <0, —yas, O, O)T
Nurical solution i af ag
M \& — eigenvalues of — and ——
e Semi-discrete scheme (2 ¢ g 8U 8U

e Time integration
e Algorithm — EE

e Algorithm — IMEX

To = @Az, yg = fAy, Cj:= [xj—%vajj—l—%] X [yk—%vyk—l—%]

Parallel algorithms

Concluding remarks — 1 .
U, x(t) = N // U(z,y,t)dxdy — unknowns of the discrete system
C

gk

Piecewise linear reconstruction U for U obtained at each time step:

~ J—

U(z,y) = Uk + (Uz)jn(@ — ;) + (Uy)jr(y —yx), (2,y) € Cjui
should be conservative, nonoscilatory and positivity preserving.

A. Chertock, A. Kurganov, A second-order positivity preserving central-upwind
scheme for chemotaxis and haptotaxis models, Numer. Math. (2008) 111:

169-205.
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Semi-discrete scheme

H”* — H” HY — HY
dt 7 Az Ay
A Yirtk =2Ujk + Ujrke | Uik =2Uje + Uje1 )| 5
+ ; + 5 + R
(Ar) (Ay)
+ E — 1% + -
a’ f(U”,.) —a’ f(u’ a’ a’
H? _ j+5k ( Jak> j+35.k ( J+1J<) n j+5.k itk [U _UF ]
jts.k at - aT a- j+1,k g5k
j+1.k j+1.k Jj+3.k j+1.k
bt UN) — b7 Us bT b
Y e 18U = b5 18(U5 ) L _aktd ik US,,, —UY,
]’k+§ b+ 1 - b 1 b+ 1 - b 1 j —I—l ]’
+ bt . —computed from M, A& for UE, UW UY  U?
j+3.k g k+3 P gk Zg+LE Tk g k+1
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Semi-discrete scheme — cont.

- _ Ax
UJEak? - U(xj—f-l 07 yk) — UJ kT 7(UCI3)]J€ o o 4+ o Ffwyay
~ — A{Ij‘ :S
Uﬁ - U(xj 1t 0,yx) = Ujr — T(Ux)J,k §
N ) i Ay o E--W O g W o k Ay
Ujk = Uz, Yy —0) =Ujp + T(Uy)ﬂf Cjk,\fs
- _ Ay o o 1 o 1 (k-1)ay
S = Uag ey +0) = Uy — 22U, )
(J'—l)IAX j O (j+1)IAx
. U:..—U;, 1% U+1k—ﬁ'—1k ﬁ'+1k—ﬁ'k
U,)jx = minmod ( ©—2 s It o= -~
(Ua)jk ( Az L 2AT T Ax
. —Ujr-1 Ujrr1 —Ujr-1 Ujrr1 —Uji
U — minmod | ©—2% 1 J: J: e—L &
(Uy)ik ( Ay ’ 2Ay ’ Ay
[ min;{z}, ifz; >0 VY
minmod(z1, z2,...) := { max;{z;}, ifz; <0 Vj,
L 0, otherwise
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Time Integration

At At

)\ = Ao M= Ay’ a = rrjlz;;x{max{a . k,—a;r%,k}} b= max{max{[fF +1,—b;k+%}}
2
= Explicit Euler At < mm(@j’, %, c), c:= 4(((§§))2ﬁ&)2>

Ut A1) = () = A (H () = Hy_y () = o (HY 4 () = HY, 4 (1)

1, j—= J,k+35 Jik—3
Uji1,x(t) —2U; () + Uj_1 i (2)
AZA j+1,k 75 J—
+ At (A:U)2
+ ALA UJ k-l—l(t) 2&;)(;) + UJ k—l(t) + At].:_{j,k(t)
= IMEX Scheme At < min(£Z, A—g)
Tt + At) = (3, 7y o0)) = (1 (0 = 17, (1)
N AtAUj+1’k(t + At) — 2Uj,k( + At) + ﬁj—l,k( + At)
(Az)?
L Aapa Uikt + A —2U k(4 AL + Ujpa(E+ AL AtR;k(t + At)

(Ay)?
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Algorithm — Explicit Euler case

Axr =

Ay = Q = (0,1)?

N—|—1’ M—I—l’

Motivation

for each time step {
solve ODE on I’

Model of HSCs' movement

Numerical solution

K =AMg=As @ Ing + AyQ Ay ®IN), Ay = Ay, = tridiag(l,—2,1)

for each cell Cjx {
compute UZ;""5(t) - require minmod evaluation with
e Algorithm — IMEX — — _
Ujii(t Uilkt Uj k1t

Parallel algorithms f f g g '7 < ) J < ) W '7 <S)
Concluding remarks >\:|:’ >\ ! )\ i\l: reqUIre Uj ]f ! U]+1 k1 U] kﬁ—f—l

@ty (0,65 (1), alt), bD), o, At

€T ’y . . .
Hji%’k(t), Hj’kia( ) including BC where needed

R, (1)
}
V(t) = AtKU(t)

FR(t) =U(t) — AH*(t) — pHY(t) + AtR(t)
update U(t + At) = V(t) + FR(t)

}
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Algorithm — IMEX case

A:U:N+1,Ay M+1,Q:(O,1)2
K =AMg=As @ Ing + AyQ Ay ®IN), Ay = Ay, = tridiag(l,—2,1)
for each time step {

Numerical solution SO |Ve O D E On F 1
e Finite volume method for each Ce” CJ e {

e Semi-discrete scheme

Motivation

Model of HSCs' movement

e compute UZ;""5(t) - require minmod evaluation with
Uj (1), ﬂyil k(t) Uj k+1(t)
Cldz;mk AL AL S NS — require U, DU LU
ajl%,k( ) bikil(t) a(t), b(t), At
Hfi%’k(t), Hikia( ) —including BC where needed

R; ()
}
FR(t) =U(t) — AH*(t) — pHY(t) + AtR(t)
solve (I — AtK)U(t + At) = FR(t)
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Data partitioning — possibilities

el P processors; N x M cells (unknowns)

Model of HSCs’ movement

Numerical soluion How to distribute data among processors?

| way: Strips — horizontal or vertical; I'; is either in a single processor
" compuistions an or distributed among them.

e Il way: Rectangular blocks —I'; is distributed among part of the

Concluding remarks processo rS .

Each processor deals with part of the cells if P < N x M.
If P > N x M additional distribution of the computations for each cell.

How to deal with the cells on the "interfaces" between processors?
= Duplicate data from a line with cells between the neighbours;

= Associate nodes (j,k) with one of the processors;

= Associate cells (j,k) with one of the processors.
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Data partitioning — the domain

I I
I I
I I
Motivation I I
I I
Model of HSCs’ movement : :
I I
Numerical solution ' '
O O 0] O O 0] O O
I I
Parallel algorithms I I
i i
e Computations and I I
communications S R R NITE Y ——{)——————e:)——————@——- ——{)——————e:)——————@——- S Sty M
e Some comments | |
e Numerical tests I I
T T
I I
Concluding remarks | |
O O C:) O O C:) O O
I I
I I
I I
I I
] |
---1----0--1--O--}--D----OC--1--O--L--@----O--4--O--f--1---
I I
I I
I I
I I
O O (:) O O (:) O O
I I
I I
T T
I I
I I
I I
I I
I I
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Computations and communications

Motivation Computations are distributed equally among processors;

RS SREs e Communications for each time step — local and global as follows (only
steps with communications are listed):

Numerical solution

Parallel algorithms

for each time step {
. for each cell C; ;. {
e Numerical tests . .
for U2 (1) — local communications
Concluding remarks )
aji%,k(t), bj,ki% (1) local communications
a(t), b(t), At — global reduction communications
. ” B L
Hji%’k(t), Hj,ki% (2) local communications
V(t) = AtKU(t) — local communications (EE)

(I — AtK)U(t+ At) = FR(t) - depend on the solver (IMEX)
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Some comments
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EE: Smaller time step, conditionally stable, but no need to solve a

system

IMEX: Better for stiff problems, but for non-linear reaction and diffusion

terms requires Newton iteration

Data distribution: processors which are neighbours in the algorithm,

may not be physical neihbours.
Communications:

= Part of the data needed for V' (EE) and
solution of the system (IMEX) may
already be transferred on the previous
steps (for each cell)

= Order of processing of cells - crucial for
the local communications (data from 4
neighbouring cells E,W,N,S)

o o o 1 (k+1) Ay
.S
N|

o) 1V o 1V o 1 kay
G s
~

o o o + (k-1) Ay

(-L)Ax J Ax (G+tDHAx
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Numerical tests
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Testdata: Q2 = (0,1.5) x (0,1), I'y ={x;, = 1.5}, At =0.1
c(xe) = 0.01(1 + 0.2sin(5mx2)), B(t,b) = V(t)5*(b) with

4t%(3 —4t) fort < 0.5 0.005
Vi(t) = - and 5*(b) =
(t) { 1 fort>0.5} B7(0) 0.005 + b2

x(a) =10a  x(a) = log(a)
e =0.0015,D, =2,v=0.1,¢1 =0.3,c2 = 0.5
apg = O,bo — 0 and

(1 4+ cos(bm(x1 —0.4)))sin(rxe), for0.2 <z <0.6
80(331, :132) = _
0 otherwise

C/MPI implementation of the methods.
Tests to be performed on IBM Blue Gene P and GRID Sites.

Ongoing work:
m debugging of the computer programs (case of horizontal strip partitioning);
= implementation of EE, IMEX with the different data partitioning options.
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Concluding remarks

= Further steps

0 Parallel algorithms
= Runge Kutta schemes;
= Detailed comparative analysis of the parallel algorithms;
= Modifications for non-linear diffusion case.

0 Chemotactic movement:
= Ranges for parameters where the model works or fails?
= Experimental/clinical data for calibration of the model?
= Sensitivity analysis and parameter estimation.
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Thank you for your attention!
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