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Abstract. An efficient Monte Carlo method for multidimensional in-
tegration is proposed and studied. The method is based on Sobol’s se-
quences. Each random point in s-dimensional domain of integration is
generated in the following way. A Sobol’s vector of dimension s (ΛΠτ

point) is considered as a centrum of a sphere with a radius ρ. Then a
random point uniformly distributed on the sphere is taken and a random
variable is defined as a value of the integrand at that random point. It
is proven that the mathematical expectation of the random variable is
equal to the desired multidimensional integral. This fact is used to define
a Monte Carlo algorithm with a low variance.
Numerical experiments are performed in order to study the quality of
the algorithm depending of the radius ρ and regularity, i.e. smoothness
of the integrand.
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1 Introduction and Basic Notation

In this paper we consider numerical algorithms for evaluating multi-dimensional
integrals. The problem of evaluating integrals of high dimension is an important
task since it appears in many important scientific applications of financial math-
ematics, economics, environmental mathematics and statistical physics. Ran-
domized (Monte Carlo) algorithms have proven to be very efficient in solving
multidimensional integrals in composite domains [2, 10].

One may consider two classes of algorithms: deterministic algorithms A and
randomized (Monte Carlo) algorithms AR. Usually randomized algorithms re-
duce problems to the approximate calculation of mathematical expectations. We
use the following notation. The mathematical expectation of the random variable
(r.v.) θ is denoted by Eµ(θ) (sometimes abbreviated to Eθ). By x = (x1, . . . , xs)
we denote a point in a closed domain Ω ⊂ IRs, where IRs is s-dimensional Eu-
clidean space. The s-dimensional unit cube is denoted by Es = [0, 1]s. We shall
further denote the values (realizations) of a random point ξ or r.v. θ by ξ(i) and



θ(i)(i = 1, 2, . . . , n) respectively. If ξ(i) is a s-dimensional random point, then
usually it is constructed using s random numbers γ, i.e., ξ(i) ≡ (γi,1, . . . , γi,s).
Let I be the desired value of the integral. Assume for a given r.v. θ one can prove
that Eθ = I. Suppose the mean value of n realizations of θ: θ(i), i = 1, . . . , n is
considered as a Monte Carlo approximation to the solution:

θ̄n = 1/n

n∑

i=1

θ(i) ≈ I. (1)

One can only state that a certain randomized algorithm can produce the result
with a given probability error.

Definition 1. If I is the exact solution of the problem, then the probability error
is the least possible real number Rn, for which P = Pr

{|θn − I| ≤ Rn

}
, where

0 < P < 1.

So, dealing with randomized algorithms one has to accept that the result of
the computation can be true only with a certain (even high) probability. In most
cases of practical computations it is reasonable to accept an error estimate with
a probability smaller than 1.

2 Problem Setting

Consider the following problem of integration:

S(f) := I =

∫

Es

f(x)dx, (2)

where x ≡ (x1, . . . , xs) ∈ Es ⊂ IRs and f ∈ C(Es) is an integrable function
on Es. The computational problem can be considered as a mapping of function
f : {[0, 1]s → IR} to IR: S(f) : f → IR, where S(f) =

∫
Es f(x)dx and f ∈ F0 ⊂

C(Es). We will call S the solution operator. The elements of F0 are the data, for
which the problem has to be solved; and for f ∈ F0, S(f) is the exact solution.
For a given f we want to compute (or approximate) S(f).

We will call a quadrature formula any expression

A =

n∑

i=1

cif(x
(i)),

which approximates the value of the integral S(f). The real numbers ci ∈ IR are
called weights and s dimensional points x(i) ∈ Es are called nodes. It is clear
that for fixed weights ci and nodes x(i) ≡ (xi,1, . . . xi,s) the quadrature formula
A may be used to define an algorithm. We call a randomized quadrature formula
any formula of the following kind:

AR =

n∑

i=1

σif(ξ
(i)),



where σi and ξ(i) are random weights and nodes respectively. The algorithm AR

belongs to the class of randomized algorithms A.

We assume that one is happy to obtain an ε-approximation to the solution
with a probability 0 < P < 1. If we allow equality, i.e., 0 < P ≤ 1 in Definition
1, then one may use Rn as an accuracy measure for both randomized and deter-
ministic algorithms. In such a way it is consistent to consider a wider class A of
algorithms that contains both classes: randomized and deterministic algorithms.

Definition 2. Consider the set A of algorithms A:

A = {A : Pr(Rn ≤ ε) ≥ c}

that solve a given problem with a probability error Rn such that the probability
that Rn is less than a priori given constant ε is bigger than a constant c < 1.

In such a setting it is correct to compare randomized algorithms with algo-
rithms based on low discrepancy sequences like Sobol’s ΛΠτ

1 sequences.

3 The Algorithm

The algorithm we study is based on Sobol’s ΛΠτ sequences. A Sobol’s vector of
dimension s (ΛΠτ point) is considered as a centrum of a sphere with a radius ρ.
Then a random point uniformly distributed on the sphere is taken and a random
variable is defined as a value of the integrand at that random point.

To describe the algorithm one should start with the definition of ΛΠτ se-
quences. An uniformly distributed sequence (u.d.s.) of non-random points was
introduced by Hermann Weyl in 1916 [14]. Denote by Sn(Ω) the number of
points with 1 ≤ i ≤ n that lie in Ω, where Ω ⊂ Es. The sequence x(1), x(2), . . .
is called an u.d.s. if, for an arbitrary region Ω,

lim
n→∞

[Sn(Ω)/n] = V (Ω),

where V (Ω) is the s-dimensional volume of Ω.

Theorem 1. ([13, 14])

The relation

lim
n→∞

1

n

n∑

i=1

f(ξ(j)) =

∫

Es

f(x)dx (3)

holds for all Riemann integrable functions f if and only if the sequence x(1), x(2), . . .
is u.d.s.

1 We use Cyrillic letters to denote ΛΠτ sequences instead of widely used now ”LPτ”
notation to express our deep respect to Professor Ilya Meerovich Sobol’ who used
Cyrillic letters to define his sequences in his original work [9] written in Russian.



Comparing (1) with (3) one can conclude that if the random points ξ(i)

are replaced by the points x(i) of u.d.s., then for a wide class of functions f
the averages converge. In this case the i-th trial should be carried out using
Cartesian coordinates (xi,1, . . . , xi,s) of the point x(i), rather than the random
numbers γi,1, . . . , γi,s.

For practical purposes an u.d.s. must be found that satisfied three additional
requirements [10, 12]:

(i) the best asymptote as n → ∞;
(ii) well distributed points for small n;
(iii) a computationally inexpensive algorithm.

All ΛΠτ -sequences given in [12] satisfy the first requirement. Good distri-
butions like ΛΠτ sequences are also called (t,m, s)-nets and (t, s)-sequences in
base b. To introduce them, define first an elementary s-interval in base b as a
subset of Es of the form

s∏

j=0

[
aj
bdj

,
aj + 1

bdj

]
,

where aj , dj are integers and aj < dj for all j ∈ {1, ..., s}. Given 2 integers
0 ≤ t ≤ m, a (t,m, s)-net in base b is a sequence x(i) of bm points of Es such
that Card P ∩ {x(1), . . . , x(bm)} = bt for any elementary interval P in base b of
hypervolume λ(P ) = bt−m.

Given a non-negative integer t, a (t, s)-sequence in base b is an infinite se-
quence of points x(i) such that for all integers k ≥ 0,m ≥ t, the sequence
{x(kbm), . . . , x((k+1)bm−1)} is a (t,m, s)-net in base b.

I.M. Sobol’ defines his Πτ -meshes and ΛΠτ sequences, which are (t,m, s)-
nets and (t, s)-sequences in base 2 respectively. The terms (t,m, s)-nets and
(t, s)-sequences in base b (also called Niederreiter sequences) were introduced
in 1988 by H. Niederreiter [7]. The term Sobol’s sequences was introduced in
late English-speaking papers in comparison with Halton, Faure and other low-
discrepancy sequences.

To generate the j-th component of the points in a Sobol’s sequence, we need
to choose a primitive polynomial of some degree sj over the Galois field of two
elements GF(2)

Pj = xsj + a1,jx
sj−1 + a2,jx

sj−2 + . . .+ asj−1,jx+ 1,

where the coefficients a1,j , . . . , asj−1,j are either 0 or 1.
A sequence of positive integers {m1,j ,m2,j , . . .} are defined by the recurrence

relation

mk,j = 2a1,jmk−1,j ⊕ 22a2,jmk−2,j ⊕ . . .⊕ 2sjmk−sj ,j ⊕mk−sj ,j ,

where ⊕ is the bit-by-bit exclusive-or operator. The initial values m1,j , . . . ,msj ,j

can be chosen freely provided that each mk,j , 1 ≤ k ≤ sj , is odd and less than
2k.



The so-called direction numbers {v1,j , v2,j , . . .} are defined by vk,j =
mk,j

2k
.

Then the j-th component of the i-th point in a Sobol’s sequence, is given by

xi,j = i1v1,j ⊕ i2v2,j ⊕ . . . ,

where ik is the k-th binary digit of i = (. . . i3i2i1)2. Here the notation (•)2
denotes the binary representation of numbers.

Subroutines to compute these points can be found in [1, 11]. The work [6]
contains more details. If x(i) ≡ (xi,1, xi,2 . . . xi,s) is the i-th ΛΠτ point in Es,
then the i-th random point ξ(i)(ρ) with a probability density function p(x) may
be generated in the following way: ξ(i)(ρ) = x(i) + ρω(i), where ω(i) is a unique
uniformly distributed vector in Es (obviously, ω(i) = {cosφi, sinφi} in E2). The
general idea is that we take a Sobol’s ΛΠτ point (vector) x(i) of dimension s.
Then x(i) is considered as a centrum of a sphere with a radius ρ. A random point
ξ ∈ Es uniformly distributed on the sphere is taken. Consider a random variable
θ such that θ = f(ξ). One can prove the following theorem.

Theorem 2. The mathematical expectation of the random variable θ = f(ξ) is
equal to the value of the integral (2), that is

Eθ = S(f) =

∫

Es

f(x)dx.

Proof. Consider random points ξ(ρ) ∈ Es. Assume ξ(ρ) = x+ρω, where ρ is rel-

atively small ρ <<
[

aj

2dj
,
aj+1

2dj

]
, such that ξ(i)(ρ) is still in the same elementary

s-interval Es
i =

∏s
j=0

[
aj

2dj
,
aj+1

2dj

]
, where the pattern ΛΠτ point x(i) is. We use a

subscript i in Es
i to indicate that the i-th ΛΠτ point x(i) is in it. So, we assume

that if x(i) ∈ Es
i , then ξ(i)(ρ) ∈ Es

i too. Taking into account the latter fact proba-
bility density function p(x) of the random variable ξ(i)(ρ) is constant. According
to the definition p(x) must be a non-negative function, such

∫
Es p(x)dx = 1.

Thus, p(x) = 1 for x ∈ Es. Now, for the mathematical expectation of θ = f(ξ)
we have

Eθ =

∫

Es

f(x)p(x)dx =

∫

Es

f(x)dx.

The latter equality proves the theorem.

Theorem 2 allows to define a randomized algorithm. One can take the Sobol’s
ΛΠτ point x(i) and shake them a little bit. Shaking means to define random
points ξ(i)(ρ) = x(i) + ρω(i) according to the procedure described above. At first
stage such a procedure seems similar to randomized quasi-Monte Carlo (see, for
example [4, 5]). But it is not. In randomized quasi-Monte Carlo people generally
use random variable instead of fixed parameters in generators of quasi-random
points. Here we use completely random points on spheres that have centrums
in quasi-random points. We do not have an ambition to investigate different
properties of the proposed algorithm and possible randomized quasi-Monte Carlo
algorithm at this stage.



4 Numerical Tests

A number of numerical experiments have been performed to study numerically
properties of the proposed algorithm. Our expectations based on theoretical re-
sults and a large number of numerical experiments are that for non-smooth func-
tions our algorithm has advantages against quasi-Monte Carlo even for relatively
low dimensions. Here we present some tests run for the following non-smooth
integrand:

f1(x1, x2, x3, x4) =

4∑

i=1

|(xi − 0.5)−1/3|, (4)

for which even the first derivative does not exist. Applications like that appear
in some important problems in financial mathematics. The referent value of the
integral S(f1) is approximately equal to 7.55953.

To make a comparison we also consider an integral with a smooth integrand:

f2(x1, x2, x3, x4) = ex1+2x2
cos(x3)

1 + x2 + x3 + x4
. (5)

The second integrand (5) is an infinitely smooth function with a referent value
of the integral S(f2) approximately equal to 1.83690. The integration domain in
both cases is E4 = [0, 1]4. In this work the algorithm with Gray code implemen-
tation and sets of direction numbers proposed by Joe and Kuo [3] for generating
Sobol’s quasirandom sequences are used. Our Monte Carlo algorithm (MCA)
involves generating random points uniformly distributed on a sphere with a ra-
dius ρ. One of the best available random number generators, SIMD-oriented
Fast Mersenne Twister (SFMT) [8] 128-bit pseudorandom number generator of
period 219937 − 1 has been used to generate the required random points. The
radius ρ depends on the integration domain, number of samples and minimal
distance between Sobol’s deterministic points δ. On the other hand, we observed
experimentally that the behaviour of the relative error of numerical integration
is significantly influenced by the fixed radius of spheres. That is why the values
of the radius ρ are presented according to the number of samples n used in our
experiments, as well as to a fixed coefficient, radius coefficient κ = ρ/δ. The
latter parameter gives the ratio of the radius to the minimal distance between
Sobol’s points (see, Table 1).

Table 1. Radius ρ of spheres of the random points.

n Min. dist., δ κ ρ κ ρ κ ρ

10 0.43301 0.001 0.00043 0.09 0.03897 0.4 0.17321
102 0.13166 0.001 0.00013 0.09 0.01185 0.4 0.05266
103 0.06392 0.001 0.00006 0.09 0.00575 0.4 0.02557
104 0.02812 0.001 0.00003 0.09 0.00253 0.4 0.01125

5.104 0.01400 0.001 0.00001 0.09 0.00126 0.4 0.00560



Table 2. Relative error and computational time for numerical integration (S(f1) ≈
7.55953).

n SFMT Sobol’s alg. MCA

Rel. err. Time Rel. err. Time δ κ ρ Rel. err. Time

(s) (s) ×103 (s)

102 0.0114 0.01 0.0565 < 0.01 0.132 0.03 3.9 0.0038 0.01

0.45 59 0.0050 0.01

103 0.0023 0.06 0.0114 0.01 0.064 0.03 1.9 0.0016 0.10

0.45 29 0.0004 0.11

104 0.0006 0.53 0.0023 0.06 0.028 0.03 0.8 4e-05 3.56

0.45 12.7 0.0002 3.58

3.104 0.0002 1.63 0.0011 0.19 0.019 0.03 0.6 0.0002 28.5

0.45 8.3 0.0003 28.8

5.104 0.0009 2.67 0.0008 0.29 0.014 0.03 0.4 0.0002 74.8

0.45 6.3 2e-05 75.7

The relative error (in absolute value) and the computational time for dif-
ferent values of the radius coefficient κ (κ = 0.03 and κ = 0.45) for numerical
integration of the non-smooth integrand f1 and for the smooth integrand f2 are
presented in Table 2 and Table 3 respectively. Relative error is the absolute error
divided by the referent value. In the both tables the results with points obtained
using SFMT generator have been denoted by “SFMT“, the results with points of
Sobol’s quasirandom sequences - by “Sobol’s alg.“, and the results correspond-
ing to the proposed Monte Carlo algorithm have been denoted by “MCA“. The
proposed algorithm follows the relative error tendency of the original algorithm
as one can expect. The numerical tests show certain advantages of the proposed
Monte Carlo algorithm according to the estimated error in comparison to the
original one, as well as to the algorithm using pseudorandom numbers generated
by SFMT generator.

The computational time given in Table 2 and Table 3 has been estimated
for obtaining the desired value after averaging on 10 algorithm runs. The com-
putational complexity of the proposed algorithm does not increase essentially
when the number of points n is not too large in comparison with the case when
Sobol’s sequences are used. For large values of n the complexity increases mainly
because of the algorithm for finding the minimal distance between ΛΠτ points
in Es. This algorithm requires O(n2) operations. New random points for our
algorithm have been generated using original Sobol’s sequences and modeling
a random direction in s-dimensional space. An additional computational time
is needed to generate random points inside the integration domain. In case of
unlikely event of generating random point outside the domain, the random point



Table 3. Relative error and computational time for numerical integration (S(f2) ≈
1.83690).

n SFMT Sobol’s alg. MCA

Rel. err. Time Rel. err. Time δ κ ρ Rel. err. Time

(s) (s) ×103 (s)

102 0.0350 < 0.01 0.0155 < 0.01 0.132 0.03 3.9 0.0160 0.01

0.45 59 0.0264 0.01

103 0.0045 0.01 0.0023 < 0.01 0.064 0.03 1.9 0.0025 0.06

0.45 29 0.0058 0.06

104 0.0016 0.10 0.0002 0.02 0.028 0.03 0.8 0.0003 3.29

0.45 12.7 0.0016 3.28

3.104 0.0006 0.28 0.0001 0.04 0.019 0.03 0.6 0.0002 28.5

0.45 8.3 0.0011 28.4

5.104 0.0004 0.46 6e-05 0.07 0.014 0.03 0.4 0.0001 76.0

0.45 6.3 0.0008 76.1

is rejected and a new random direction is chosen while the new random point
gets into the domain.

The relative errors for numerical integration that have been obtained apply-
ing the proposed MCA and Sobol’s algorithm are presented on Figure 1. The first
plot on the figure is given in logarithmic scale by y-axis for clarity. The graphical
representation of the numerical results illustrates smaller relative error obtained
using the proposed algorithm for the most cases - for various number of sam-
ples and values of the radius. When the radius coefficient increases, the radius
tends to minimal distance between the corresponding Sobol’s points. On the
other hand, samples size increase leads to decrease of this minimal distance. The
obtained results show that optimal values and ratios between these parameters
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Fig. 1. Relative error according to the radius of the domain of random points.



Table 4. Difference of relative errors for Sobol’s algorithm and the proposed MCA.

HHHHHn
κ

0.009 0.03 0.2 0.45

10 0.07709 0.23746 0.20639 0.23037
102 0.03594 0.05277 0.05214 0.05155
103 0.01014 0.00976 0.00940 0.01099
104 0.00197 0.00225 0.00228 0.00212

3.104 0.00102 0.00094 0.00084 0.00079
5.104 0.00077 0.00062 0.00077 0.00078

exist to define the smallest relative error of the proposed algorithm in comparison
with the original quasi-Monte Carlo algorithm using Sobol’s ΛΠτ sequences. Our
algorithm gives an approximation with a better precision for more of the cases
or a relative error closed to the corresponding error of the original algorithm.

It is also confirmed that the difference of absolute values of the corresponding
relatives errors tends to zero when sample size increases. Results confirming this
fact are presented in Table 4.

5 Discussion of Applicability

One can clearly observe that the proposed algorithm improves the error estimates
for non-smooth integrands when the radius ρ is smaller than the minimal distance
between ΛΠτ points δ. Strongly speaking the proposed approach is applicable if
ρ is much smaller than δ. The implementation of the algorithm shows that this
requirement is not very strong. Even for relatively large radiuses ρ the results are
good. The reason is that centers of spheres are very well uniformly distributed
by definition. So that, even for large values of radiuses of shaking the generated
random points continue to be well distributed.

It should be mentioned here that for relatively low number of points (< 1000)
the proposed algorithm gives results with a high accuracy. The relative error is
approximately equal to 0.0038 for n = 100. For the same sample size the Sobol’s
algorithm gives more than 10 times higher error. For n = 1000 our algorithm
gives relative error 0.0004 − 0.0016 depending on the parameter κ while the
Sobol’s algorithm gives 0.0114. This is an important fact because one has a
possibility to estimate the value of the integral with a relatively high accuracy
using a small number of random points.

If one deals with smooth functions, then the proposed algorithm is definitely
better than the plain Monte Carlo based on SFMT generator, but it is not
better than Sobol’s algorithm based on ΛΠτ points. Actually the results are very
close to each other. This result is not unexpectable since the Sobol’s algorithm
is known to be very good for smooth functions (especially, for not very high
dimensions).



6 Concluding Remarks

The proposed algorithm combines properties of two of the best available ap-
proaches - Sobol’s quasi-Monte Carlo integration and a high quality pseudoran-
dom number SFMT generator.

– The algorithm has advantages against quasi-Monte Carlo and SFMT for
non-smooth integrands. For relatively small number of points the proposed
approach gives much better results (smaller relative errors) than Sobol’s
quasi-Monte Carlo integration.

– In case of smooth functions the proposed algorithm has significant advantage
against plain Monte Carlo that uses SFMT generator with respect to the
relative error.
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