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O�PRQTSVUWQYXWZYX$[]\]^R_�QYX?`/^RZTSR\aX?QYX?PRbdcd^fegQYXWZd[d_�egcYXh\Y[d^RQdZiP&bdcd^RSWjhk]PRlYXhUm_mQn^�o
Pre-

conditioned Conjugate Gradient (PCG) method p ^q\aX1PR^�`/SR\Y[dr7[dsn[dcYX1[dtvuwSR\xQdXVyZYX�Pf[dPRZT^R`4XzSmZ�ld[dQT^R{dQn[�Xhldef^VjWcn[d|dQd[�k]cYXWUmQT^RQd[n_�bTS�ZYXW}�~aUzQYX�|d[dQ���|d^#|d[dPfl]SWZnS
QYX�Smjhk]PRl�SgUm^fQnSmPfZ�QYX&QTSVUmXWZYX&t�Xh\aX�|YX#\aX&jW~x\]^�PR~Y��^fPRZdUW^RQnS&QYXW`4XWl�^fQnSd�a�MSV��ZnS�|nQYX
r9SVcn`/kmld[dcnSVUW}TX?QYX�PfZdcYXWZT^Reg[d_mZdX$QYX�bdcd^RSWjhk]PRlYXhUm_mQn^#�&^�\aXh\]^R`EU�}�cYX�_$QYX�ZYXWt�[
l�^R}�sd[d_n�

� ^R}]X
E
^�bdcdSg[dt�UmSmldQdX�QT^RSmPfSmjw^RQYX�`4XWZdcn[dsYXn�x��PR[nPRZn^f`4XWZYX

Hx̂ = b

bnSWlYXWeVXW`/^
ŷ = Ex̂

[�bnSmlnk]|YXhUwXW`/^1^f}]UW[dUwXWl�^RQnZnQYXWZdX&PR[nPRZn^f`4X

HE−1ŷ = b.

�q[d`/^fZdcd[dt�[dcdXW`/^�QnSgUwXWZdX�Pf[dPRZT^R`4X�[ibnSmlnk]|YXhUwXW`/^�`7SR\x[dr7[n}TXhsd[d_�QYX�[dtvuwSR\xQdXWZYX
t�Xh\aX�|YX�Um~�U�Um[]\aX

H̃ŷ = b̃,
o��n��� p

}�~x\]^fZnS
H̃ = E−1THE−1, b̃ = E−1T b.

� ^R�&XWUwXWQT^RZTS�QdX?o��n��� p ^�^R}�Um[dUwXhl]^fQdZnQTS�QYX#`�[dQn[d`�[dt�[dcYXWQT^�QYX�r�k]Qd}�sd[dSgQYXhlYX

f̃(y) = yT H̃y − 2b̃Ty + C.

�Mcn_m}WSmZTS�bdcn[dlYXWeVXWQT^MQYX�`/^RZTSR\aX�QYX�Pfbdcd^feVQdXWZd[d_�egcYXh\Y[d^RQdZ�tfX�cd^f��XWUmXWQn^�QYX�ZYXWt�[
t�Xh\aX�|YX�UmSR\x[�\]S1UmXWcd[YXWQnZ�QdX�`/^RZTSR\aX�QYX�Pfbdcd^RegQYXhZd[d_�eVcdXh\x[d^RQnZ�P bncd^RSmjVk]PRlYXWUW_mQn^h�
[dt�Um^fPRZn^fQ?}]XWZTS�XhldefSgcd[nZd~�`

PCG - A
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PCG - A

y0, g̃0 = H̃y0 − b̃, d̃0 = −g̃0,

k = 0, 1, 2, . . .

τk =
(g̃k)T g̃k

(d̃k)T H̃d̃k

yk+1 = yk + τkd̃
k

g̃k+1 = g̃k + τkH̃d̃
k

βk =
(g̃k+1)T g̃k+1

(g̃k)T g̃k

d̃k+1 = −g̃k+1 + βkd̃
k

��ZYXWt�[�r Sgcd`/kWld[dcdSgUm}]Xn�YQYX#UmPf_m}]X�PfZd~abd}]X�SmZ�[dZT^RcYXhsd[dSgQdQd[d_�bdcdSWsn^RP�Pf^�bncd^RPf`�_hy
ZYXzbdcdSg[dt�Um^ \]^fQd[d^�SmZ�Um[T\aX

H̃d̃k = E−1tHE−1d̃k
��}WSm^fZnS�bnS�Pf~x�&^RPfZdUmSzSmt�QYX�|YXhUwX

cd^f��XWUmXWQn^�QYX�\YUm^�Pf[dPRZT^R`�[ P&`4XWZdcd[dsdXWZYX
E
�7O�PfUm^RQ ZTSgUwXn�CQn^fSmjVumSR\x[d`�[ PRX?S �&^

PRl�^ \xQn[dZn^�bnSg`/S ��Qd[Nbdcd^fPR`�_mZdXWQd[d_�
b̃ = E−1tb

[
x = E−1y

� � ldefSgcd[nZd~�`
PCG

A
^#[dt�Um^fPRZn^fQ�}TXhZnS�Qn^fbdcd_m}�`7^RZnSR\ QdX�Pfbdcd^feVQdXWZd[d_�egcYXh\x[d^fQdZ�P#bncd^RSmjVk]PRlYXWUW_mQn^h�

�E[dt�|d[dPfld[dZn^fldQYXWZdX?bdcYXh}]Zn[d}]X�bTSh��|d^fPRZTS�Pf^�bdcd[dlYXhehX�bdcd^f}�[d_?`7^RZnSR\ ��}�~x\]^fZnS�QYX
UmPf_m}]X?PRZn~�bd}]X$SWZ�[dZT^RcYXhsd[dSgQdQd[d_$bdcdSmsT^RP�bnSmlnk]|YXhUwXW`/^#\x[dcd^f}�ZnQnS$bdcd[djmln[���^fQd[d^
QYX�Zd~acdPR^fQnSmZTS�cn^R��^RQd[n^�SmZ�cd^ \Y[dsYXWZYX

xk → x̂
�

�Mcn^R}�[d_mZ `/^RZTSR\<QYXNPRbdcd^fegQYXWZd[d_ egcYXh\x[d^fQdZ P�bdcd^RSWjhk]PRlYXhUm_mQn^�Pf^�bnSmlnk]|YXhUwXNSmZ
XWlde�Sgcd[dZd~a`

PCG-A
P�bTSg`/S ��ZYX�QYX�^f}]UW[dUwXWl�^RQnZnQd[�bdcd^fSmjWcdXWt kTUmXWQd[d_�QYX�UmPf_m}]X�SmZ

[dt�|d[dPfld[dZT^RldQd[nZn^�PfZd~abd}�[�� � XW}]Xn�Yt�X�UWcd~�t�}]XWZYX#`/^��1\Yk
g
[
g̃
bTSmlnk]|YXWUmXW`/^

g = Hx− b

g̃ = H̃y − b̃ = E−1THE−1y − E−1T b = E−1T (Hx− b) = E−1Tg

�



[�PRl�^ \]SgUwXWZn^fldQnS
g̃ = E−1Tg.

o��n� � p
� ^f}]X�bdcn^ \xbnSml�S ��[d` � |d^�t�X�bnSmPfl�^ \]SVUmXWZn^fldQd[dZT^&bdcn[djmld[���^RQd[n_?^#U�PR[nlYXztfXhUm[dPR[]y
`/SmPfZdZYX

xk+1 = xk + τkd
k.

� SmeVXWUwX
Exk+1 = Exk + τkEd

k

yk+1 = yk + τkEd
k

[�PRl�^ \]SgUwXWZn^fldQnS
d̃k = Edk.

o��n� � p
�MSWlYXWeVXW`/^

C = ETE, hk = C−1gk.

� XW}]X�bnSmlnk]|YXhUwXW`/^�t�XWUm[dPf[d`/SmPfZd[dZT^ �

τk =
(g̃k)T g̃k

(d̃k)T H̃d̃k
=

gk
T
E−1E−1Tgk

dkTETE−1THE−1Edk[�PRl�^ \]SgUwXWZn^fldQnS
τk =

gk
T
hk

dkTHdk
;

o��n��� p
βk =

(g̃k+1)T g̃k+1

(g̃k)T g̃k[�PRl�^ \]SgUwXWZn^fldQnS
βk =

gk+1Thk+1

gkThk
;

o��n��� p
d̃k+1 = −g̃k+1 + βkd̃

k

Edk+1 = −E−1Tgk+1 + βEdk

dk+1 = −E−1E−1Tgk+1 + βkd
k

[�PRl�^ \]SgUwXWZn^fldQnS
dk+1 = −hk+1 + βkd

k.
o��n��� p

�



��XW`/^RPfZdUwXW`7^ U�XWlnefSgcd[dZn~�`
PCG-A

o �T� �f���n��� p [�bTSmlnk]|YXWUmXW`/^ bdcd^f}�[d_�`/^fZnSR\�QYXPRbncd^RegQYXWZn[d_�egcYXh\x[n^RQdZ?P�bncd^RSmjVk]PRlYXWUW_mQn^h�
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PCG - B

x0, g0 = Hx0 − b, h0 = C−1g0, d0 = −h0

k = 0, 1, 2, . . .

τk =
gk

T
hk

dkTHdk

xk+1 = xk + τkd
k

gk+1 = gk + τkHd
k

hk+1 = C−1gk+1

βk =
(gk+1)Thk+1

gkThk

dk+1 = −hk+1 + βkd
k

� X ��QTS�^�\aX�SmZdjw^fl]^���[d` �9|d^?XWlde�Sgcd[dZd~a`
PCG-B

QT^�[dt�bnSmldt�UwX�Qd[n}]~Y\]^$U�_mUW^RQ
Um[T\�`4XhZdcd[dsYXhZYX

E
�WX�P Xh`/S�PR[n`/^RZdcn[d|dQYXWZdX�[#bnSml�S ��[dZn^fldQnS�Sgbdcn^ \]^Rl�^RQYX�`4XWZdcn[dsYX

C = EtE = EEt
�A�q~�U$UmPR[d|n}][NPfl�^ \xUwXV��[ cYXWt�egl�^��1\aXWQd[d_n�7}WSWehXhZnS�e�SgUmSgcd[d`Et�X

`/^fZnSR\zQdX�PRbdcn^RegQYXWZd[n_#eVcdXh\x[d^RQnZzPMbdcn^RSmjVkTPflYXWUm_WQn^W���&^ bncd^ \xbnSWlYXWeVXW`/^M|d^�[d`4Xh`/^
bdcd^ \YUm[T\�XhldefSgcd[nZd~�`

PCG-B
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� ^R}]X�SmZnjw^Rl�^���[d` �Y|d^�ZYXh}TX�Sgbd[nP XWQd[n_mZ�XWlde�SVcn[dZd~a`
PCG-B

QYX�UmPf_m}]X�PRZd~abd}]X
�



SmZ [nZn^RcdXWsd[dSgQdQd[n_ bncdSmsn^fP�Um}�l��M|dUwX�^ \xQTS�cd^R�&XWUwXhQn^�QdX$PR[dPfZn^f`4X�P&bdcd^fSmjhk]PRldXVy
Um_h��XWZYXz`4XWZncd[dsYX

C
� ^ \YQnS�kT`�QTS ��^RQn[d^�QYX�`4XWZdcn[dsYXWZYX

H
bnS�Um^R}�ZTSVc bdl��MP�\YUm^

PR}]XWldXWcdQd[<bdcdSg[dt�Um^ \]^RQn[d_ [ Zdcd[-Um^f}�ZnSgcdQd[<SVbT^RcYXhsd[d[ SmZ-Zd[dbYXNk]`�QnS ��^fQd[d^ QYX
PR}]XWldXWc�bTS�Um^R}�ZnSgc�bdl��MP�Um^R}�ZnSgc�� � Xh}TXzt�Xz[dt�|d[dPfld[dZn^fldQYXWZdX�Pfl]S ��QnSWPRZ QYXz^ \xQYX
[dZT^RcYXWsn[d_&bTSmlnk]|YXWUmXW`/^�Smsn^fQd}]XWZYX

N PCG
it (H−1b) ≈ N (C−1g) +N (Hd) + 10N.

o �n��� p
' (�� ���q, B�5�0?,
	C@�(�� @�.�:4@�> K 51G ;1: F�.�>C,�/2�	�3�:�69G ;M>9(
O�sn^fQd}]X?QYXzegcd^R��}]XWZYX

(yk − ŷ)
U�ZT^Rcd`�[dQn[dZn^&QYX�XWlde�SVcn[dZd~a`

PCG-A
[ QnSgcd`4XT�

bnSgcdSR\]^fQYX SWZ<`4XWZncd[dsYXWZdX
H̃
��Pfl]^ \YUwXi\x[ncd^R}�ZnQTS SmZ Smsn^fQd}]XWZYX tfX

CG
`/^fZnSR\aXn�

�MSV��^RPfZn^fPRZdUm^fQYX�SmjwX�|d^�^ Smsn^fQd}]X�t�X�Pf}WSgcdSmPfZdZYX�QdX�P�uwSR\x[n`/SmPRZ&SmZnQTSmPRQTS ||xk− x̂||H �
� �����
����� 3�����L)E;��&#%�0B	� !K) 9 ;1+-)E<2�K���%#0'*),+ 9 �$# <%#%!K� !$# )2�C!K)E;�� �0�1+ !:#GA �3�����
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||xk − x̂||H
||x0 − x̂||H

≤ ε

�

k ≥ 1

2

√
κ(C−1H) ln (2/ε) + 1.

o �T��� p

� S�} X/t�X/Z ^�l P�Z U�Sd��O�Z�Sgbdcd^ \]^fl]^fQd[d^fZnS�QdX
H̃ = E−1tHE−1

bTSmlnk]|YXWUwXh`/^�t�XWUm[Ty
PR[n`/SmPRZnZYX

||yk − ŷ||2H̃ = (yk − ŷ)tH̃(yk − ŷ)
o��n� � p

= (xk − x̂)tEtE−1tHE−1E(xk − x̂)
o��n� �! p

[�PRl�^ \]SgUwXWZn^fldQnS
||yk − ŷ||H̃ = ||xk − x̂||H.

o��n� �W� p

�



�q~Y��SzZdXW}]X�l]^fPRQTS�Pf^#bdcdSgUm^fcd_mUwXn��|d^�^R}hPRZdcn^R`4XWldQn[dZn^�PRSmjhPRZdUW^RQd[�|d[dPflYXzQYX
H̃
[

C−1H
PRX#cYXWUmQd[�� � ^f{dPRZdUW[dZn^fldQnS

λ1(H̃) = min
x

(H̃x, x)

(x, x)
= min

x

(E−1tHE−1x, x)

(x, x)

= min
x

(HE−1x, E−1x)

(x, x)
= min

z

(Hz, z)

(Ez,Ez)

= min
z

(Hz, z)

(EtEz, z)
= min

z

(Hz, z)

(Cz, z)[�PRl�^ \]SgUwXWZn^fldQnS
λ1(H̃) = λ1(C−1H).

� QdXWl�Smeg[d|dQnS

λN (H̃) = max
x

(H̃x, x)

(x, x)
= max

x

(E−1tHE−1x, x)

(x, x)

= max
x

(HE−1x, E−1x)

(x, x)
= min

z

(Hz, z)

(Ez,Ez)

= max
z

(Hz, z)

(EtEz, z)
= max

z

(Hz, z)

(Cz, z)[�PRl�^ \]SgUwXWZn^fldQnS
λN(H̃) = λN(C−1H).

� XW}]X�bnSmlnk]|YXhUwXW`/^�cYXWUW^RQnPfZdUmSmZTS
κ(H̃) = κ(C−1H).

� SV}]XWt�XWZT^Rl�PRZnUmSmZnS�Pfl]^ \YUwXzbdcd_m}hS?SmZ � ^fSgcd^R`4X �n���d��}�~Y\]^RZnS�t�XW`/^fPRZdUmXW`/^�o��n� �W� p [bnSWPRl�^ \xQnSWZnS�cYXWUm^fQnPRZnUmSd�
O�Z�Smsn^fQd}]XWZYX t�X�[nt�|n[dPRld[nZn^RlnQYXWZYXNPRl�S ��QnSmPfZ�QYX `/^fZnSR\aX QdX PRbdcn^RegQYXWZd[n_ egcYXgy
\x[d^fQdZ P�bdcd^fSmjhk]PRldXWUm_mQT^&[�SmZ � ^fSVcn^R`4X$�T� �&PRl�^ \xUwX$SWjV��XWZYXzPRZdcdXWZn^feV[n_$t�X�}hSgQTy
PRZncnk][dcYXWQT^�QYX ^Rr9^R}�Zd[dUWQd[-bdcd^RSWjhk]PRl�SgUm[dZT^Rld[�� � ^RldZdX ^�`4XWZdcd[nsYXWZYX

C
U

PCGXWlde�Sgcd[dZd~a`4X�\aX�km\]SgUml�^fZdUmSgcd_mUwX�PRl�^ \xQn[dZn^1\xUm^1k]PRl�SgUm[d_�
• �q~Y�&^RPfZdUWk]UwX�^fr ^f}]Zn[dUm^RQ�XWlnefSgcd[dZn~�`Nt�X�cd^f��XhUwXWQn^ QYX�Pf[dPRZT^R`�[�P�bncd^RSmjVk]P�yl�SgUm[dZT^Rld_

C
� � SgUwX�Smt�QYX�|YXWUwXT�w|d^�tfX�[dt�|d[dPfld[dZT^RldQYXhZYX�Pfl]S ��QnSWPRZ�[dPf}]XW`/^ \aX

^�U�PR[dldX�k]PRl�SgUm[d^fZnS
N (C−1x) << N (H−1x).

�



• O�ZTQnSmPf[dZn^fldQnSmZTS#|d[dPfl]S�QYX�SWjhk]PRl�SgUm^RQTSmPRZ�^�Pf~x�&^fPRZdUm^fQnS#bTSh��`4XWln}WS#SmZz|d[nP�yl�SmZTS�QdX�SmjVk]PRl�SgUm^RQTSmPRZ�QYX�[dtvuwSR\xQYXhZYX�`4XhZdcd[dsYXT�YZ�� ^h�
κ(C−1H) << κ(H).

� ^Rt�[zk]PRl�SgUm[d_�[dt�egl�^���\xXWZ�QYX#bdcd~aU#bnSmegl�^ \?bdcdSmZd[nUmSgcd^R|d[nUm[�� � ^R{dPfZdUm[dZT^RldQTSd�d}hShy
eVXWZnS

κ(C−1H)
}�l]SgQd[ }�~a` `�[dQn[d`4XWldQYXhZYX�PR[EPRZTSg{dQnSmPfZ��

C
}]l�SgQd[ }�~�`

H
[

N (C−1x) → N (H−1x)
� � ^Rt�[�cYXht�Pf~ �1\]^fQd[d_ SmjmXg|n^�P X ZnUm~�c]\]^�bn^fPR[d`�[dPfZd[d|dQn[

QYXzr9SVQdX�QYXzPR~aUmcd^R`7^RQdQd[nZn^�bnSmPfZd[���^RQd[d_�U�SmjmldXWPRZdZdX�QdX�`/^RZTSR\x[dZn^#t�X�bdcn^RSmjVkTP�y
lYXWUW_mQn^h�
�������	�
�	�
�	��������># �E<%#2��� 8 �K� '%�3�,)ED 9 ;1+-)E<2� �0�1+2F-�

C
� )2'-�C���6#2+-��! 8 I-)/A #%�0)

• N (C−1x) = O(N)

• κ(C−1H) = O(1)

O�PRQTSVUW^RQ�UW~�bdcnSmP�U�Pf~�Umcn^R`/^fQdQYXWZYX�Zn^fSVcn[d_�[&[dt�|d[dPfld[dZn^fldQYX�bdcYXW}�Zd[d}]X�QdX�[dZT^RcYXgy
sd[dSgQdQn[dZn^�`7^RZnSR\Y[�^�Pf~x�&^fPRZdUWk]UwXhQn^RZTS�[zXhldefSgcd[nZd`�[d|dQYXhZYX�cd^RXWld[dt�XWsd[n_�QYX�SgbdZn[Ty
`4XWldQn[?bdcn^RSmjVkTPfl�SVUW[dZn^fld[�t�X�}�lYXWPRSgUm^�t�Xh\aX�|d[��

' (�� � .�5�0?>A.#(
� ^f}]X�^�\aXh\]^fQnS�kTcdXWUmQn^fQd[d^fZnS

−∂
2u

∂x2
− ∂2u

∂y2
= f, (x, y) ∈ Ω

Uz^ \x[dQn[d|dQd[d_�}�UwXh\xcdXWZ
Ω = (0, 1)2 P�uwSg`/Sme�^RQnQd[�eVcdXWQd[d|dQn[�k]Pfl]SgUm[n_zQYX � [ncd[Tu�yl�^

u|∂Ω = 0
� ��X�|d[nPRl�^RQTSmZnS�cd^R�&XWUwXWQT^zQYX�ZYXWt�[itfXh\xXg|dX ^�bdcd[nl]S ��^RQ `/^fZnSR\x~aZ

QYX�}]cdXW{dQd[dZT^&^fl�^R`/^fQdZd[��A}]XWZnS?tfXzsT^RldZYX�^&[nt�bTSmldt�UwXWQdX�cdXWUmQnSg`/^fcdQYX�}�UwXh\xcYXWZTQYX
`�cd^���XzPR~aP�PRZd~abd}]X

h = 1/(n + 1)
[�Zdcn[YXWQde�kmldXWsd[d_ T ��}hSm_mZnSz^#bTSmlnk]|d^fQYX�bncd[cYXWtv\]^fld_mQn^�QYX�UmPR_W}TX�SmZ }�UwXh\xcYXWZTQd[dZT^?}�l�^RZd}�[�QYX�\xUwX�^ \xQYXh}]UW[ cYXWUWQnSmjw^ \xcn^RQd[

Zdcd[n~�eg~aldQd[d}]X&P�bTSV`7S���ZYX�QYX�PR~aeglYXWP�kTUmXWQd[z\x[YXWe�SgQYXWld[��
�ql�^ \�\x[dPR}�cd^fZd[dt�XWsd[n_mZYX#QYX�ZYXht�[�bdcdSmPfZYXn�nQTS�Pf~x\x~ac���XWZT^RldQYX�t�Xh\aX�|YXT�TbTSmlnk]|YXWUwXgy
`/^�PR[nPRZn^f`4XWZYX

A∆x̂ = b,

�



}�~x\]^fZnS

A∆ =




A1,1 A1,2

A2,1 A2,2 A2,3

A3,2 A3,3 A3,4

· · · · · · · · · · · · · · ·

An,n−1 An,n




,

Ai,j
P X�jml�Sg}WSgUm^�P�cYXWt�`/^RcnQnSmPfZ

n× n �

Ai,i =




4 −1

−1 4 −1

−1 4 −1

· · · · · · · · · · · · · · ·

−1 4




, Ai,i−1 = Ai,i+1 = −I.

� XWt�`/^RcnQnSmPfZdZYX�QYX
A∆

^
N = n2

� � ~aldeg[&e�SR\x[dQd[�ZYXht�[�`/SR\]^fldQYX1t�Xh\aX�|YX1PR^�[dt�bnSml]y
t�UwX#t�X�bdcdSgUm^Rcn}TX�QYX�^Rr9^R}�Zd[dUWQnSmPfZdZYX�QYX#[dZn^fcYXWsd[dSgQdQn[dZn^�`/^RZTSR\x[�SmZnQTSmPRQTS#bYXWcYXgy
`/^fZd~�cdX&QYX�\Y[dPR}�cd^fZd[dt�XWsd[d_

h
�a� PR[dlYX&^�PRl�^ \xQdXWZYX�l�^R`4XT��}hSm_mZnS�unXWcYXW}�Zn^fcd[dt�[dcYX

|d[dPfl�SmZnS�QYX�Smjhk]PRl�SgUm^fQnSmPfZ?QYX�`4XWZdcn[dsYXWZYX�QYX#}WSgcYXhUm[dQYX
A∆

�
������� �� ���*# �"�-;1+-)2�0) !$# )ED 9 ;1+-)E<E��!K)E;�� !:# �6#%�����"7$#%�&#�!$# I-)1�*# <2�"!$# )2�
� �������J��� � <�;��E+$# )27-��!"I$#%�&#

κ(A∆) = O(h−2) = O(N).
o��n� � � p

� S�} X/t�X/Z ^�l P�Z U�Sd� 
 XWZdcd[nsYXWZYX
A∆

`/S ��^�\aX#Pf^�t�XWbn[d��^1Um~�U�Um[]\aX

A∆ = T ⊗ I + I ⊗ T,
}�~x\]^fZnS�P ⊗ ^qSmt�QYX�|d^RQTS1Zn^RQnt�SgcdQTSmZnS�bdcdSg[dt�Um^ \]^RQn[d^W� I [ T P X�P cYXWt�`/^fcdQnSWPRZ n×n �

�



I
^1^ \Y[dQd[d|dQdXWZYX�`4XWZncd[dsYXn�dX

T
[d`4X�UW[T\aX

T =




2 −1

−1 2 −1

−1 2 −1

· · · · · · · · · · · · · · ·

−1 2




�qSmjhPRZdUm^fQd[dZT^z|d[dPRldX�QdX
T
P X�[dt�Um^fPRZnQn[�� � ^zP X�cn^R��^RQd[n^�QYX�PR~aSmZdUW^RZnQTSmZnS�^fl�^�y

`/^fQdZYXWcdQTS�umSg`/Sme�SVQnQnS�cd^R}mk]cd^fQdZnQTS?k]cYXWUmQT^RQd[n^&P�uwSg`/SWef^fQdQd[ egcYXhQd[d|dQd[�k]PRl�SgUm[d_
[�[d`4XWZ�Um[T\aX

λk = 4 sin2 kπh

2
,

SmZd}�~Y\]^RZTS&t�X#^R}hPRZdcd^f`4XWldQd[nZn^�PfSmjWPfZdUm^fQd[$|d[nPRlYX�QYX
A∆

bnSWlnk]|YXWUwXW`7^

λmin(A∆) = 8 sin2 πh

2
,

λmax(A∆) = 8 cos2 πh

2[�PRl�^ \]SgUwXWZn^fldQnS

κ(A∆) =

(
cos2 πh

2

sin2 πh
2

)
=

4h−2

π2
cos2 πh

2




(
πh
2

)2

sin2 πh
2


 ,

SmZd}�~Y\]^RZTS&bdcn_m}WS�PRl�^ \xUwX�ZdUm~acT\]^RQn[d^RZTS�U�l�^R`4XWZYXT�
��� �������
	��	� ������ � +-�1�6#%�&# '*),+ 9 �:# <%#2��� 8 �-��D1�3)�F-� !$#��"�0�J�*#%7 �"� �0��<������0) �
4E#G!:# ;�'%�3� A !$#%�C�/F A �*#E4%�-��!"� �%# �3��� # <%#%!-� !:#0+ � !K�� !:#%�&# ;��-;��0�1�6#

A∆x̂ = b,
�

nCGit (A∆) = O
(√

κ(A∆)
)

= O
(
N1/2

)

��;1+-�54 )E<%#%�0�1+ !K) )ED2= #%�&# ���2� �K;1+ � �0�1+ !$#&;1+-)/.(!K)E;�� !:#C#2+"A/)1��� �0B3�6#��%#��3���># �
<%#%!-� !:# ;��-;��0�1�6#%�&#��

N CG(A−1
∆ b) = O

(
N3/2

)
.

�
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�HPRl�^ \xUwXV��XWZYX�ZYXhjmld[dsYX�PRX�bncd^ \]PRZYXhUm^RQd[ cd^Rt kWldZYXWZd[ SmZi|d[dPfl�^RQd[ ^R}WPfbn^fcd[Ty
`/^fQdZd[�t�X�`/SR\]^RldQdXWZYX�t�Xh\aX�|YX�SmZ�bdcd[n`/^RcYXT�xO�PRQnSgUmQdX�sn^RlzQdX�ZT^Rt�[z^R}hPRbT^Rcd[d`7^RQdZd[
^�\aXz[dl��MPRZdcd[ncYXWZ P�uwSR\Y[d`/SmPfZdZYX�QYXzcYXWt�ld[d|dQn[�[dZT^RcYXhsd[dSgQdQd[ `/^RZTSR\x[�U�tfXhUm[dPR[]y
`/SmPfZ SmZ cdXWt�`/^RcdQTSmPRZnZYX?QYX�\x[dPR}�cd^fZnQYXhZYX�t�Xh\aX�|YXn�A}]~Y\]^RZTS

n ∈ {4, 8, 16, 32, 64}PR~aSmZdUW^RZnPfZdUwX�QYX�bdcdSmsT^ \Yk]cYX&QYX�cYXWUWQnSg`/^RcnQnS�\xUWk]}�cYXWZTQnS�PReg~�PfZd_mUwXhQn^�QYX#`�cd^���XVy
ZYX�bnS�UmPR_W}WS�^ \YQnS�SWZ?}hSmSgcT\x[dQYXhZnQd[dZT^�QYXhbdcYXWUml�^fQd[d_d�a�<ZdXWjmld[dsdXWZYX�P X&bTSg}TXhtfXhQd[
[dZT^RcYXWsn[d[dZn^h�n}hSV[nZnS�PRX�Qn^fSmjVumSR\x[d`�[�t�X1km\]SVUWl]^fZdUmSgcd_mUmXWQn^�QdX�k]PRl�SgUm[d^fZnS#t�X�SmZTQnShy
PR[nZn^RlnQYXWZYX�eVcn^R��}TX

||uith − uh||2
||uh||2

≤ 10−10.

�Nbdcd[d`7^RcYX1bdcd^ \YbnSmlYXhehXh`/^W�w|d^q\Y_mPRQYXhZYX1|YXWPRZ�QYX1PR[nPRZn^f`4XWZYXn�WPR~aSmZdUm^fZnPRZnUwX1QYX1[dtvy
Um^fPRZnQTS�ZTS�|dQnS�cd^f��^fQd[d^h�

uh
^�cd^f��^RQd[d^fZnS&QYX�t�Xh\aX�|YXhZYX&bTS&`/^fZnSR\aX�QYX�}�cYXW{dQd[nZn^

^Rl�^f`/^RQdZn[��dX
uith

^Mbncd[djmld[ ��^RQTS�cd^f��^fQd[d^h�TPf~�SmZnUm^RZTPRZdUwXg��S�QYX�[dZn^fcYXWsd[d_�PMQTSV`7^Rc
� it �

�m�McnSVUW^ \]^RQd[dZT^M|n[dPRl�^RQn[&^f}WPRbT^Rcd[n`/^RQdZn[�SmjgunUmXV�zXhZ�|d^RZn[dcd[�[dZn^fcYXWsd[dSgQdQn[&`/^�y
ZnSR\xXn�d}WSg[dZTS&PRX�SWt�QdXg|n^RQd[�P�Zn^ uTQd[dZT^�Pf~�}�cYXV�&^fQd[d_d�Y}]XW}�ZnS�PRl�^ \xUmX��
• � � G−S � ^MSmt�QYX�|d^RQ&}�lYXWPR[n|d^RPf}][n_mZz`/^RZTSR\zQYX � X k]P�� ��Xh{T\]^Rl��TO�|YXW}�UwXhQd[d_mZjhcdSg{�[nZn^RcdXWsd[d[?^

nit = O(N)
�

• � � SD �
^�SWt�QdXg|n^RQ�`/^RZTSR\x~aZ�QdX�QYXW{T� jm~�cnt�SWZnS�Pfbnk]PR}]XWQn^h���qcdSm_mZzQdX�[nZn^RcdXVy

sd[n[dZn^�bdcd[�Qn^fefS�PR~Y�&S#^
nit = O(N)

�
• � CG � Smt�QYX�|YXWUwX#cYXWt�egl�^ \aXWQd[n_&bTSR\xcdSmjhQnS#U�ZYXWt�[�eglYXWUwX#`/^fZnSR\$QYX#PRbdcd^fegQYXVyZd[n_&egcYXh\x[n^RQdZ�� ��X#Qn^fefS�^�U�PR[dldX�SmsT^RQd}]XWZdX

nit = O(n) = O(N1/2)
�

• � bnSmPfl�^ \xQYXWZYX�}hSml�SgQd}]X$QYX � Xhjmld[dsYX���P X�bnSg}]XWt�XWQd[�cd^Rt kmlnZYXWZd[Nt�X�`/^RZTShy
\aX�QYX$Pfbdcd^RegQYXhZd[d_�egcYXh\x[n^RQdZNP�bdcd^fSmjhk]PRldXWUm_mQT^W�A}]~Y\]^RZTS�t�X?bdcn^RSmjVkTPfl�SVUW[Ty
ZT^Rl�^ [dt�bnSmlnt�UmXWQYX�`/SR\Y[dr7[dsn[dcYXWQYX�QT^Rbd~aldQYX1r9XW}�ZnSgcd[ntfXhsd[d_�QYX���Sml�^Rsd}�[�SmZ
Zd[nb

MIC(0)
�	��XzZnSmt�[

PCG
`/^fZnSR\�^�U�Pf[dlYX�Smsn^fQd}]XWZYX

nit = O(n1/2) =

O(N1/4)
�

�  



� XWjmld[nsYXz� �a�9uwSR\x[n`/SmPRZ?QYX#[dZn^fcYXWsd[nSVQnQd[$`/^fZnSR\x[��

n G− S SD CG PCG

� � � �!� � � � �W�
� �  W� �W� � � � � �
� � �m� �]� � �h� � �n� � �
� � � � � � � � �d� � � � � �

� � � � � � � � � �n� � � �T� � �

� ^RSgcd^RZn[d|dQd[dZT^?SWsn^RQn}][���}TXh}]ZTS�[ibdcn^ \]PRZYXWUW^RQd[dZT^$cd^ft kmldZYXhZd[ SWZ |n[dPRl�^RQn[dZn^
^R}hPRbT^Rcd[d`7^RQdZd[$Qd[�\xXWUwXWZ�Um~at�`7S ��QTSmPRZ�\aX�QYXWbncYXWUm[d` PRl�^ \xQn[dZn^�[dt�UmSR\x[ �
• � Sgcd[ tfX�`7SR\]^RldQYXhZYXztfXh\xXg|dXn� bdcd[ efSWl]^f`�[�cdXWt�`/^RcdQTSmPRZn[���P�umSR\x[d`/SWPRZdZYX�QYX}�lYXWPf[d|d^fPR}�[dZn^1[nZn^RcdXWsd[dSgQdQd[�`/^RZTSR\x[&^M`�QnSme�S�jwXWUmQYXT�]�q~x�&^RPfZdUm^fQd[�PRX�bdcd^�y
[d`/kw�&^RPfZdUwXWZdX�QdX�PR~aUmcd^R`7^RQdQd[nZn^�UwXWcd[dXWsd[dSgQdQd[�`/^fZnSR\x[�SWZ�Zd[db�`/^RZTSR\�QYX
Pfbdcd^RegQYXhZd[d_�eVcdXh\x[d^RQnZ?[z`/^fZnSR\?QYX�Pfbdcd^RegQYXhZd[d_�eVcdXh\x[d^RQnZ?P1bdcn^RSmjVkTPflYXWUm_Vy
QT^W�

• � XWt�cYXhjmSmZdUwXhQn^RZTS�QdX�SgbdZd[d`4XhldQd[�[&jmld[dt�}�[&\]S�SVbnZd[d`4XWldQn[dZn^�bncd^RSmjVk]PRl�SgUm[TyZT^Rld[�bdcd[]\]SmjW[dUmX�SWPRSmjw^fQnS#UwX ��QTS#t�QdXg|n^RQd[d^h�Y}WSmeVXWZTS#|d[dPfl]SWZnS�QYX�Smjhk]Pfl]SgUm^�y
QTSmPRZiQYX�[dtvumSR\xQYXWZYX�t�Xh\aX�|YX�t�XWUm[nPR[NSmZ \]Sgbd~aldQd[dZT^RldQn[ bYXhcYXW`/^fZdcd[iSmPRUW^RQ
cYXht�`7^RcdQTSmPRZdZdXn� � XW}�[dUwX�bdXWcYXW`/^fZdcd[iP X�Pf}WSg}WSgUm^�QYX�}WSW^Rr7[nsd[d^RQnZd[dZn^h��}WSm^�y
r [dsd[d^fQdZnQYXhZYX�[��h[dld[�`�cd^���SgUwX&XWQd[dt�SmZncdSgbd[d_�QYX�tfXh\xXg|dXWZYXn�x� SR\]SmjWQYX#cdSWld_
U�\xcnk]eg[�UwX ��Qd[�bdcd[nl]S ��^RQd[d_�[degcYX�_mZ�\]^Vjw^Rld[dQdXWZYX�U�ZT^RSgcd[d_�QYX#bdl�S�|d[nZn^1[
|d^fcnk]bd}�[dZn^h��|n[dPRl�SmZTS&QYX � ^R{nQnSmlT\]P�U#k]cYXWUmQT^RQd[d_WZYX�QdX � XWUm[d^�� �qZTSV}hP�[�\xc��
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