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m ≤ N � q-ek�Dsv�ke$��d xm = x̂ � ��}6uidrqts N d�`Hehj~p*d�`bn�svxrq�q-e�nwe�pIekq�`baT�
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gk 6= 0
�r�

k =

0, 1, . . . , N
¨*¤_�f�R�©�i���v�k�T�f�w T�4�

N ª ¡��f£w T�¥�o�¬«��¥�R�w¤T�i���¥�¬�w£w�¥�{�w£��k T�f�w�¥�­�f®�¯(�f�±°�w�k�i�v�²�
N + 1
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�o�{��£w�f¡¹�k�w�-���i���i�k�r�k ��o�
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�k��¡��wÈ��w®b£w ��k����£w�|�²�w¤w�r�k½w¤wº� ��X¡��{�o�f�b�T¨¥��£w�f�É�¥�o���k�- ��X§h£o�f¿-�i¤o�o�<�¥�&�r�k�R£w®�§��wºh°
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k > m
�vÀ��{®D¯(�¥�T���¥£w�{¡��k¨¥�k�f�¥»v�{ o�

�v�²¶��f ����¥®b�w£w�¥�{®��H¨��i�k�R�v�����o�~¾w T�¥�f�o���� ��$¡��f�T�f�b��Ê]�$¾w�k�f�T o�¥�{�³�o£w¤��w£w¤w���²§²��°
 o�� ����w£w�{�¥»²�i�f�w�k�¥º¥ T�~Ë��f�R�©�Ì¤w�±�w®b�w o�{ w¤w�� ���¤w�o�{£��k½w¤w¤H¨��²�h¤o�o�Z�f�³�± ��~¾w¤o�o�f�o o�
�o� ª ¡¹�k�w�²�&�¥� N �ÍX�� o�f�o£o�i�i½o¤wº¥���$ ���¡��{�o�f�b�(�����k�i�k�v�T¨H¾w��£o�f�±¤T���i�k�o¤w�o�

gk
�¥�i���¥�R�{�w�¥��£wº¥�v�²���T�±°

�R���¥¤w�f�T�
||gk||H−1 = min

g∈Tk
||g||H−1,

�R®D�i�{�o�-�f�R�f¡6�f w�w¤o�o�c w�
Tk
¤w¡¹�k�µ�¥¤T�D�

g = g0 +
k∑

l=1

αlH
lg0.

���{�i���¥�± ��~¾w¤w¡Â�
Π1
k

�o�k�w¤w o��¡�¤w�T�
Pk
�¥���{�o�{�o�f 

k
�f®b�c�f�k�¥»¥�f�i�f �¾o�i�{ ��©�D¤w w¤o½��o¨

���Î�k�i�r���²�h¤o�o�
Pk(0) = 1

�RÏÂ��£��k�±§��R�Ä¶��D�k¡����T�²�i�T�c�T�¥�w¤w T�h¡�¤H¨i���k��¤w�T�� o�{�r�k�¥¤w�{¤T°
¡¹�k���$�w£o�h¡6�f w�w¤o�v�����{�i�k���k£�¨K�w�k�i��¤��o�k�w¤w o��¡�¤��¥��¡¹�k�w£o¤w½w¤³�-£w�k�±¡��f£w T�¥�f�

N
�

Ð��f�f T�L�{�(�k¤o¶X�b�o¨�¾w�-¡� o�~¶��f�f�o�¥�¥�o�
Tk
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Tk = {g ∈ RN : g = Pk(H)g0, Pk ∈ Π1
k}.

¦*�¥§h�k�v�

||gk||H−1 = min
g∈Tk
||g||H−1 = min

Pk∈Π1
k

||Pk(H)g0||H−1

= min
Pk∈Π1

k

[g0TPk(H)H−1Pk(H)g0]1/2

= min
Pk∈Π1

k

[g0TH−1P 2
k (H)g0]1/2.

Ê��o� Ñ Ë

¦Å�i�Ì��¤w�±�T�¥�w�±�v�k T�­£w�k�¥�f T�f�w�k�¥�o�
Pk(H)TH−1Pk(H) = H−1Pk(H)2 ¨<�k�¥�{�o�4�{�

�w£w���¥�{£wº¥�v���D¤w£o�f�R�o T�w�
·I�R�©�D�v�h¯��k�����o�f��£w�{¡¹�Z¤w¡¹�����i o�b�k¡6�f w���²�w o���r w��¾o�f w¤w�"�w£w¤Â�k w�k�w¤w�$ ����rÆv�f��¤T°
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S
d�pMn�s	��d~xrqt�vs � ��svdrqtsÂx~}6ui}�`
��eÌ�vxraT�i�ia x~s��vxrqt�vdrnia�iaDxÉgoe¬noe

H
aÌnDdr�oe

M ≥ 0
d�q-ek��sv�ke � ��d�jke­yHsku�
Tskufm���s�avj��É`HeknÂyHs~giainDs~p

P̃k(λ) ∈ Π1
k

d���xravgoetnDd�`Hei�vdrn�xrqt�vshqts

max
λ∈S
|P̃k(λ)| ≤M.

� s²z�ei�ke �
||xk − x̂||H ≤M ||x0 − x̂||H.
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�������������*���*���*���w�o���f�i���f�¥»²�f�w�k�f w¤w�T�<¾w¤w�f�w�'¤&�f�¥»²�f�w�k�f w¤w�T���k�f�R�o��£w¤- ��
H
�|�

{λi, vi}Ni=1

¨6�i�k�o�
0 < λ1 ≤ λ2 ≤ · · ·λN

���I�{�(�k§h£w�k w¤w¾w�{ w¤wº��¥®b£¥Æi���¥»�¯� T�¥�f�w�w�
 ��³�i���i�k�r�k�T�f�R�f�w�k�¥�o�Ã¡��~¶��f¡ �b���w£o�©�D�o�¥�R�~¶�¤w¡*¨Å¾w�L��£o�o�k§{�� ��k�o w¤w�o�"�f�¥»²�f�w�¥�{ w¤
�¥�{�i�T��£w¤"�f�(¤��h£T�o�� o��£w¡�¤o£��k w¤�¨D���Î�k�

vTi vj = δij
���¹�k�±�¥¤w�v�k¡6�X ��~¾��k�w w¤oºt£w�{�r¤i���i�k�

�o�&»v�²�r¤o�|���¥���f�¥»²�f�w�¥�{ w¤w�T�����i w�R½w¤w¤H�b¦<�²�T�&�o�k�o�i¾��k�v�k¡6�

g0 =
N∑

i=1

αivi, αi = vTi g
0,

�¥���R®D�i�{�o�- o�f�T�¥�f£o�©�i�f�w�¥�{ o�(�o�¥�o�i¾��²�v�k¡��²¨w¾w�

g0TH−1P 2
k (H)g0 =

N∑

i=1

α2
iλ
−1
i Pk(λi)

2.
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·I�R�©�i���v�k�o�{�w o��Ê]�¥¤T¶!Ê �T� Ñ Ë1Ë

||gk||2H−1 = min
Pk∈Π1

k

N∑

i=1

α2
iλ
−1
i Pk(λi)

2.

� �Ã�T�{�R�h�k¤w�f�T�� ����T�f��£w�f¡¹�²���³�{�R�©�D�v�o¨�¾w� |P̃k(λi)| ≤ M
��¦<�²�T���¥�´�T�¥�f�R�©�D T�¥�o�

£��k�k�f o�{�w�¥�-�o�¥�T�T¾w�k�v�k¡��X�k½o�f o�T�²���

||gk||2H−1 ≤
N∑

i=1

α2
iλ
−1
i P̃k(λi)

2 ≤M2
N∑

i=1

α2
iλ
−1
i ,

�¥���R®��i�f�T��¤��¥��£w�k�¥�f T�f�w�k�¥�o� ||xk− x̂||H = ||gk||H−1

�f�R�©�D�¥���w�¥®b£T�i�f w¤o�&Ê �o���¥Ë¹ ��
�o�{��£w�f¡¹�k�w�o�
� �³�b���o£w¤w�R�~¶'¤o¡ £w�{�É�¥�w���²�����¥�4�i���i�k�r�k ��k�����o�f��£w�{¡¹�Ã�� o�{�¥»hÆ¥�f�D¤w¡����T���o�f�o°
Æv�f��º²¯  ��~¾w¤w ��b�Ã���w£w�©�i�{�w¤w¡ ¡� o�~¶��{�f�w�¥�

S
�f®��D®b£o¶'�h¯(���f�¥»²�f�w�k�f w¤w�T��¾w¤w�f�w�o¨

�i�k�R�o��¤��b�(�T�f�i»v�f£w�{¡Â�o�¥�w¤o o��¡
P̃k
¨��r�-�k��¼w�o�t�k�� o�{���k w���²���

M
�'�k�¥�w�²�¥�o�t¡��~¶��

�o� ª ¡¹�k�w�i�o�
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���{�i�'�i�h�T�T�{ o�{¡*¨o¾w�� o�� o¤���¤w�±�¥�{�f�T ����i���w®b�w w¤w�T�f�w ���¤o  �M�h£o¡¹�k½w¤wº'�{��£��k�±�w£w�©�i�±°
�R�f w¤o�f�o�� ��*�f�k»k�f�o�¥�f w¤o�o��¾w¤w�{���< ��Å¡¹�k�w£w¤o½��k���

H
�~À��T�¥�±¤X�f�o�i¾��²¼' ��²¼ ª �{�f�o�{�f�w�k�f o��X�b�-¤o�r»v�{£w�f¡

S = [λ1, λN ]
�D¦*�¥§h�k�v�T¨��h�o�w¤w¡¹�k�w o¤wº¥�"�T�¥�w¤w T��¡

P̃k
�¥�i���¥�R�f�w�k�h£oº¥�v�

�i�f�R���¥¤w�{�o���
max

λ1≤λ≤λN
|P̃k(λ)| = min

Pk∈Π1
k

max
λ1≤λ≤λN

|Pk(λ)|. Ê �o���vË

���f¿&�f o¤w�f�T�" ��µ���k�±¤Z���w�o¤w¡�¤w�r�k½w¤w�� w w�L�r�²�b�~¾��µ�(¤w�±�¥�{�f�T o��¤Z�o���f�-�o�k�o�i¾��k�v�µ�
�o��¡��|¯t���� ����o�¥�o¤w o��¡�¤w�T�� w� ���²»²¤w¿&�f�

Tk(x) ∈ Pk
¨w�²��¤w�o�-¤w¡¹�k���¥¤T�b�

Tk(x) =
1

2

[(
x +
√
x2 − 1

)k
+
(
x−
√
x2 − 1

)k]
.

! PRVXWZY�[ \
max
−1≤x≤1

|Tk(x)| = 1
Ê �o�#"RË
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�������������*���*���*���w��¦*�¥®�£i�i�f w¤w�{�o�(�f�R�©�D�v�&�w£wº¥�²�t�¥�µ£��²�¥�f T�f�w�¥�k�o�

Tk(x) = cos[k cos−1(x)], −1 ≤ x ≤ 1.

���{�i�-¤w�±»v�{£w�f¡

P̃k(λ) =
Tk[(λN + λ1 − 2λ)/(λN − λ1)]

Tk[(λN + λ1)/(λN − λ1)]
.

Ê��o���¥Ë
¦*�¥§h�k�v�T¨w�(�{¤w���&���f�R�©�D ��k�w�(�o�{��£w�f¡¹�o�

O'PRQTSUPRVXWZYK[���� xravgoeµd�shl�drnT�oekq-e

||xk − x̂||H ≤
1

Tk[(λN + λ1)/(λN − λ1)]
||x0 − x̂||H .

Ê��o���vË

�������������*���*���*���w��¦*�¥®�£i�i�f w¤w�{�o�(�f�R�©�D�v���D¤w£w�{�R�o o�(�¥��Ê �o���¥ËI¤ZÊ �o�#"RË±�
� �f T�h�k w¤wº¥��£w�f�É�k�w���k�L�-�T�¥�±¤µ�¥®��o£w�¥���f���f®��D®b£o¶'�-�&�{�i�©���v�h¯��k���&�o�f��£w�{¡¹�o�

O'PRQTSUPRVXWZYK[	�
p(ε) ≤ 1

2

√
κ(H) ln (2/ε) + 1,

Ê��o��
kË
��}6uidrqts$x

p(ε)
d�s~jhnwek��drn�s-nwe
��� pIehgi�Dshqts-lhmog�s-yHs~g�s	��aiqtdÉginDs&�ia�xÉg�s

k � jket�Dsh�drqts
||xk − x̂||H ≤ ε||x0 − x̂||H ∀x0 ∈ RN
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α =

λN
λ1

= κ(H) > 1
�w¦*�¥§h�k�v�

Tk

(
λN + λ1

λN − λ1

)
= Tk

(
α + 1

α− 1

)
=

1

2





α + 1

α− 1
+

√(
α+ 1

α− 1

)2

− 1



k

+


α + 1

α− 1
−
√(

α + 1

α− 1

)2

− 1



k

 =

1

2



(
α + 1 + 2

√
α

α− 1

)k
+

(
α + 1− 2

√
α

α− 1

)k
 =

1

2



(

(
√
α + 1)2

α− 1

)k
+

(
(
√
α− 1)2

α− 1

)k
 =

1

2



(√

α− 1√
α + 1

)k
+

(√
α + 1√
α− 1

)k
 >

1

2

(√
α + 1√
α− 1

)k
,

�R®D�i�{�o�-¤w�±�o�¥�o�r�¥�hÆT¡��k¨w¾o�
(
α + 1

α− 1

)2

− 1 =
4α

(α− 1)2
.

� �L§r��£w ��k�w�&�k½o�f o�T�&�f�R�©�D�¥�o¨D¾w�

||xk − x̂||H
||x0 − x̂||H

<
2

(√
α+1√
α−1

)k
Ê��o���¥Ë

� ���b���i���i�²¶��{¡ �T�f��£w�{¡¹�k���Ã�� o�{�¥»hÆ¥�f�D¤w¡��Z�D���¥�w§r�h�k�h£o¤w¡  w���¥®��o£w�¥�|�T¨I�k�k�w�k�
§r�¥�wº¥¡��&�w£oº¥»k�v�c�b���

k
¨��r�c�b�����&�f¤w���& o�{£��k�¥�{ o�{�w�¥�¥�T�

2
(√

α+1√
α−1

)k < ε
Ê��o���¥Ë

Ð��¥§h�k£w¤w�w¡��i�v�²¡��(Ê �o���vËI¤��o�¥�o�i¾��²�v�k¡����i�f�R���¥¤w�{�o�

k > ln
2

ε

[
ln

√
α + 1√
α− 1

]−1

.
Ê��o� Ñ�� Ë
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� �µ�D�L�¥½T�f w¤w¡ �k�o��£w¤oº"�R�¥§h�k£w¤w�o¡�¤w¾w�f Ã¡� T�~¶'¤o�o�f�����Dºk�f ��k�w�"�f�w£w�k ��L w��Ê �T� Ñ � Ë
¯(�X£��k�±§��R�©�b�k¡����f�T��¡¹�k§h�k�o�{�w ��k��� ���i w�R½w¤wº

ϕ = ln
x + 1

x− 1
− 2

x
, x > 1.

¦*®b¼L�i�k�T�
ϕ′(x) = − 2

x2(x2 − 1)
< 0,

�o� ���i w�R½w¤wº¥�w�-���f�o£w�¥§r�( ��²¡¹�k�wº¥�v��¯$��¤µ�f�R�©�i���v�k�T�f�w T�

ϕ(x) > lim
x→∞ϕ(x) = 0,

�¥���R®D�i�{�o�-�o�¥�o�i¾��²�v�k¡��X T�f£��k�k�f o�{�w�¥�¥�T�

ln

√
α + 1√
α− 1

>
2√
α
.

Ê��o� ÑkÑ Ë

� ��Ê��o� Ñ � ËI¤�Ê �o� Ñ¥Ñ ËI�{�R�©�D�v�o¨D¾w���k�²�

k >
1

2

√
α ln

2

ε
> ln

2

ε

[
ln

√
α+ 1√
α− 1

]−1

�o�
2

(√
α+1√
α−1

)k < ε

���k�¥�{�o�-�o�{�h£o�f¡¹�k���&���i���T�²�{�² ��o�
� W��HP��NP��	��W�[ � ���i���i�k�r�k ��k�w���T�f��£w�f¡¹���f�R�©�D�v�o¨h¾w�M»k£w�kº¥�' w��¤w�T�f£��k½o¤w¤w�o����¡6�f�o�h°
�b�� ����{�w£w�f§� ��²�w¤wº�§�£��²�D¤o�f w���r�<£w�f¿(�k�v�² o�M ����o¤w o�{¼w w¤��{¤w�f�T�f¡�¤��¥���¥¤T�b�

Ax̂ = b,�o�k�o�i¾w�f w¤4�w£w¤¬�D¤o�f�R£w�f�o¤w�r�k½w¤wº� w���f�o¤w�w�w¤w¾o w¤Â§�£��k w¤w¾o w¤��r�²�b�~¾w¤4���D�k�i¡��{£w w¤
�¥»¥�w�k�f�w¤Ã�

nCGit = O
(√

κ(A)
)

= O
(
N1/2

) ¤Ã�f�R�©�i���v�k�T�f�w T���¥»h¯��k����¤w�±¾w¤w�f�o¤T°
�o�{�w ��µ�f�R�~¶� o�¥�{���r��£w�{¿t�k�¥�k o�� ��$�{¤w�f�T�f¡¹�k���µ� N CG(A−1b) = O

(
N3/2

) �K���f�i�
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m
a
b
xfe-q-ek�ia��ke � ��d 1 < m < N

a
λN−m ≤ b < λN−m+1 �

� s²z�ei�ke �
p(ε) ≤ 1

2

√
b/λ1 ln (2/ε) +m + 1.
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(b−λ1)
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S = S1

⋃
S2

¨D�R®��i�f�o�
S1 = [λ1, b]

¤
S2 =

⋃N
i=N−m+1 λi

¨
�i�k�R�o�-¤L�T�¥�w¤w T��¡¹�

P̃k(λ) =




N∏

i=N−m+1

(
1− λ

λi

)
 Tk−m [(b + λ1 − 2λ)/(b− λ1)]

Tk−m [(b + λ1)/(b− λ1)]
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