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x0, x1, . . . , xk, . . .
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xk+1 − xk
τk

+Hxk = b.
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k+1 − xk
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+Hxk = b.
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f(x) =
1

2
xTHx− bTx+ C.
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∆x
Q�t�eSfg]XT�{gVgQa`UeihgTdtlulmjQihrk

f(x+ ∆x) =
1

2
(x+ ∆x)TH(x+ ∆x)− bT (x + ∆x) + C

=
1

2
(∆xTHx+ xTH∆x)− bT∆x +

1

2
xTHx− bTx + C +

1

2
∆xTH∆x

f�ei]_Qa`Uk^t�TdhrQS]gmrk

f(x+ ∆x) = f(x) + (xTH − bT )∆x +
1

2
∆xTH∆x.
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Hx = b
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xTH − bT = 0
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f(x + ∆x) ≥ f(x)
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Hx 6= b
��h�� Qd�

xTH−
bT = δT 6= 0
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∆x = −εδ �wRUvX`UQihjk

0 < ε <
2δT δ

δTHδ
.

��kl[pTdt�T
−εδT δ +
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2
ε2δTHδ < 0
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f(x− εδ) < f(x),
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xk+1 hrv�VgeSfgc tlvbt�tlfj`bT

xk+1 = xk + τkd
k,
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dk
Q�kdY\mgT^qrQimrk

k
� hjklhrk�mgTd{gVXTdtd]UQSmgfgQEmXT�hrv�VgeSQimjQd�w��TZVXTdcyQShgv�Vrv�h
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{gVgfW`UkpRUTdY\TdhjQi]_eihrtlklhrk#mXT#]_QSc>TdhXT#{rVgQa`UeihXTZtlulmrQ<mXT � sUmgR_�gfgk^mXTZ]XTxklh�TdVg[}sUcyQimrh�e
mXTdVgTdeihgtlTdmrQ�{rkd]rsUqXTdt�Tdc7QEVXTdtlQSmreihrtlklhrk

f(xk + τkd
k) = f(xk) + τk(x

kTH − bT )dk +
1

2
τ 2
kd

kTHdk

f�ei]_Qa`Uk^t�TdhrQS]gmrk
∂f(xk + τkd

k)

∂τk
= gk

T
dk + τkd

kTHdk,
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gk = Hxk − b ¢�Hj���l£
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eiQ�`UkleShgfg[pTr�wRdkd[ZTZhrk

∂f(xk + τkd
k)

∂τk
= 0

f�ei]_Qa`Uk^t�TdhrQS]gmrk

τk = − dk
T
gk

dkTHdk
.
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ei]_Qa`�RdklQShrkWfgY�t�TZ|E`bTdcyQ
b
klh~`XtlQihjQ�eShgVXTdmrf.mXT�VXTdtdQimreShgtlklhjk�f.{jkl]rsUqXTdt�TZcyQ

gk+1 = gk + τkHd
k.

¢�Hj���l£

��c@mjk}|xTZt�TdcyQW¢�Hj���d£�e
dk

T �Xei]_Qa`�RZklQihjk�{rVgfg]XTd[pTdc7Q�¢�Hj���_£�f.{jkl]rsUqXTdtlTdcyQ

dk
T
gk+1 = dk

T
gk + τkd

kTHdk = 0,
¢�Hj����£

e�RdklQShrkWk^Vrhrkd[Sk^mXTd]rmrkleShghXT�Q�`UkpRUTdY\TdmgTr�

I�]UQa`Xt�Tp��TdhXT�eihgvb{gRUT�t�Rdk^mreShgVrsUR_�gfgulhXT!mXT�cyQihjki`bT�mXT�ei{rVgQi[^mXTdhrfgu�[^VXTZ`Xfj�
Qimrh�Q�k^{gVgQa`UQS]gulmrQShrk.mXTzmXTd{gVXTZtl]_QimgfgudhXT�mgT�hgvbVgeSQimrQ
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ei]_Qa`wmgTdhXT�VrQiRlsUVgeifrtlmXTW`UQ � fgmgfr�gfgug�

dk+1 = −gk+1 + βkd
k, k = 0, 1, 2, . . . ,

¢ Hj� Hl£

R_vw`UQShrk
d0 = −g0 �dT β0, β1, . . .

e�T<eitlklodki`wmgf�{XTZVXTdcyQShgVgf��pRdk^fghjk<��Q¡olvX`bTdh#k^{gVgQa`UQ\�
]_Qimgfz`Uk^{gvb]gmgfghjQi]gmjkg�/I�]rsUqXT}ulh

βr = 0
eivbklhgtdQihreShgt�T+mXT�cyQShrki`bT�mgT�mgTdnj� odv�VgY�klhjk

ei{jsjeSRUTdmrQZ�
I�]UQa`Xt�Tp��TdhXT�]_QSc>T�Q%tlTZ|�mXT!Y\T�Rdk^VgQSRUhjmXTdhXT � k^Vgcysl]rfgVgk^tlRUT mXT!cyQihjki`bTr�>�

qXTdeShrmjkleihzhgu+{jk^RjTZY\tlTr�rqgQ�{gVgf
dk = 0

fghjQiVXTZ�gfgk^mgmgfgudh�{rVgkl�rQSeEQ�{gVgfrRU]���qgfg]�fzQ
mXTdc7QiVgQSmrk+hrk}qrmrklhjk�VgQi��QSmgfgQd�r��kptlTxQEeivX��QieihrtlQimjkg�jY\Tp��klhjkxt+{gVrklhgfgtlQSmzei]rsUqXTZn��
{XTdVgTdcyQihrv�Vgvbh

τk
QEmrQSk^{gVgQa`UQi]_QSm��
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xk = x̂ �
� ��� E ( xk 6= x̂ �
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τk 6= 0 �
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gk

T f�{rkl]jsjqgTdt�TdcyQ

gk
T
dk = −||gk||2 + βk−1g

kTdk−1.
¢�Hj����£
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mXT,mrsl]XTj�Z��TdRUTr�pklh#kpVjhrkl[\k^mXTd]gmjkleihrhXT<mXT,VgQiY�fj`gsUTd]XT<e¡{gVgQa`g�lki`wmrkdhrk�mXTZ{gVXTdtl]_QSmgfgQ
mXT�hgvbVgeiQSmrQ�¢ tlfj| ¢ Hj����£2£�ei]_Qa`wt�T�hgvbVgeiQSmrklhjk�hgtdv�Vj`UQSmgfgQ

||gk|| = 0⇐⇒ Hxk = b⇐⇒ xk = x̂.
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o_£ ��h ¢ Hj����£�{rkd]rsUqXTdt�Tdc7Q

xk 6= x̂ =⇒ gk 6= 0 =⇒ gk
T
dk 6= 0,=⇒ τk 6= 0

e�RdklQShrkW]_Qic>TdhXT�Q�`Uk^RjTZYSTZmXTr�

I�hgVXTdhjQi[^fgulhXTj��Rdkludhrk�eiQ@{gVrfg]XTd[pT�{gVgf�k^{gVgQa`UQS]gulmrQ mXT�RdkdQ � fr�gfgQimrhgfghrQ
β0, β1, . . .eiQ�kleimjkptlTdt�TxmXT�c@frmgfgc@fgY�fgVXTZmrQ�mXT#[pVrQi�WRjTZhXT ||x− x̂||H tlvbVl�Us�hrQSRls���kdhrkxR_VXTZnj�mrk^cyQSVgmrk!{gVgkdeihgVXTZmreihrtlk mXT I�hjQiR_]_kptr�¡{jkpVrki`UQimrk!klh�c>TdhgVgfr�XTdhXT

H
�>P<QSRUT!{gVrfj�

{rk^c@mgfrc�`UQ � fgmgfg�rfgfghrQZ�

(x, y)H = xTHy, ||x||2H = xTHx

(x, y)H−1 = xTH−1y, ||x||2H−1 = xTH−1x.

��Y�mXT}qXTdt�Tdc7QEe
g = Hx− b �;I�]_Qa`Uk^t�TdhrQS]gmrk

g = Hx−Hx̂ = H(x− x̂) =⇒ x− x̂ = H−1g.

��TdRUT�{rkl]rsUqXTZt�TdcyQ

||x− x̂||2H = (x− x̂)TH(x− x̂) = gTH−1HH−1g = ||g||2H−1,

h�� Qd�
||x− x̂||H = ||g||H−1.

¢�Hj����£
��h ¢�Hj���l£�f ¢�Hj� Hl£�{rkl]jsjqgTdt�TdcyQE{rVgQa`UeihXTZtlulmrQShrk

gk = gk−1 + τk−1Hd
k−1

= gk−1 + τk−1H(−gk−1 + βk−2d
k−2)

= g0 +
∑k
l=1 α

k
lH

lg0,
h�� Qd�

gk = g0 +
k∑

l=1

αklH
lg0,

¢�Hj� ¤�� £
R_vw`UQShrk

αkk = (−1)k
k−1∏

i=0

τi 6= 0.
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P<QSRUTWklY�mXT}qgfrc

Sk = SPAN{Hg0, H2g0, . . . , Hkg0},

Tk = {g ∈ RN : g = g0 + h, h ∈ Sk}.
��qgQitdfj`wmrk

Sk
Qx{jki`w{gVgkdeihgVXTZmreihrtlk�mXT

RN e#VXTdY�cyQSVgmrkleSh�VXTdtdmXT�mXT�odVgklu�mXT�]gfU�
mrQSngmrkWmrQSY\TdtlfgeSfgc@fghrQ�tlQSR_hrk^Vgf�fgY�cyQ�|E`Xs

Hg0, H2g0, . . . , Hkg0 �
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βk
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βk =
gk+1THdk

dkTHdk
,

¢�Hj� ¤d¤ £

9��;$ 9���� <39J(6G&(�� �!#%$&�
�
	
�

||gk||H−1 = min
g∈Tk
||g||H−1.

¢�Hj� ¤6K £
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gk
T
gl = 0, ∀l 6= k,

¢ Hj� ¤ ��£

dk
T
Hdl = 0, ∀l 6= k.

¢ Hj� ¤ �_£

 �k@R¡TyY�Tyh�Q�]�e�h�t@kg����ei]_k^tlfgQ�¢ HU� ¤ K £�Q�QSR_tlfgt�Td]_QSmghrmjk�mXT

||g0 + hk||H−1 = min
h∈Sk
||g0 + h||H−1 ,

¢�Hj� ¤ �l£

R_vw`UQShrk
hk = gk−g0 f�eivbklhgtdQihrmjk h = g−g0 �p��k^t�T<klY�mXT}qXTdt�Tr�^qgQ hk Q�QS]_QicyQSmgh�mXTmXTdnU� `UkloZVgk�{gVgfgod]gfr|�QSmgfgQ mXT −g0 t Sk f�ei]_Qa`Uk^t�TdhjQi]gmjk g0+hk

Q
H−1 k^Vrhjkl[\kpmgTd]_Qim

tlQSRUhjk^V.mXT
h
Y\T+tleSulRdk

h ∈ Sk
�Xh�� QZ�

(g0 + hk)TH−1h = 0 ∀h ∈ Sk.
I�]_Qa`Uk^t�TdhrQS]gmrk

k
� hgfgulh�VgQiY�fj`gsUTd].Q�k^Vrhjkl[\kpmgTd]_Qim�mXT

Sk
�gh�� Qd�

gk
T
H−1h = 0 ∀h ∈ Sk.

��qgQitdfj`wmrkr�XYST+tleSulRdk
g ∈ Tk−1

�XtlQiR_hrk^Vgvbh
h := Hg ∈ Sk

f.eS]UQa`Uk^t�TZhrQi]rmrk

gk
T
g = 0 ∀g ∈ Tk−1,

¢�Hj� ¤ ��£
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klh�R_vw`UQShrk+`wfgVgQSRUhjmrkWei]_Qa`wt�T%¢ Hj� ¤ ��£��
P<QSRUT

l < k
�b��Tx`bTx`Uk^RjTp|�Qic ¢ Hj� ¤ �_£¡{rVgfg]XTd[pTdc7Q�¢�Hj���l£�f ¢�Hj� Hl£�f.{jkl]rsUqXTdtlTdcyQ

dk
T
Hdl = (Hdk)Tdl =

1

τk
(gk+1 − gk)T (−gl + βl−1d

l−1) =

=
βl−1

τk
(gk+1 − gk)Tdl−1 = 0.

��T�{jklei]_Qa`wmjklhrk�VXTdtlQSmreShgtlk�eScyQ�fgY�{rkl]gY�t�TZ]gf��XqgQ
dl−1 ∈ Tl−1

�wRdkdQihrk�eiQ#{rkl]rsUqXTZt�T
TdmXTZ]Ukd[pfrqgmrkWmXT�¢ Hj� ¤ � £�f�eihrVgkl[\k�cyk}|�Q�`bTWeSQ�`UkpRUTZ|�Q#{jk�fgmr`XsUR_�gfgug�

� ���J��� ����� �
	 ��h!VXTdtlQSmreShgt�T!¢ Hj� ¤ ��£,f ¢�Hj� ¤ �_£<ei]_Qa`wtlTr�FqgQ�t�c7Qihrki`wT~mgT~eS{gVgQS[pmgTp�
hgfgu�[^VXTZ`wfgQSmgh�VgQiY�fj`gsUTd]gfghjQxe�T�kpVjhrkl[\k^mXTd]gmrf��bT�mXTd{rVXTdtl]_QimrfgulhXT�mgT�hgvbVgeiQSmrQ#e�T
H
� kpVjhrkl[\k^mXTd]gmrf��
�Eh�¢�Hj� ¤ �_£�{rkl]jsjqgTdt�TdcyQEf � kpVrcysl]XTdhgTWY\T+{gVgQSeic@ulhXTZmrQ�mXT

βk
¢ Hj� ¤l¤ £��gh�� Qd�

0 = dk+1THdk = (−gk+1 + βkd
k)THdk

f�ei]_Qa`Uk^t�TdhrQS]gmrk

βk =
gk+1THdk

dkTHdk
,

e�RdklQShrkWhrQSkpVrQic>TdhXT�Q�`Uk^RjTZYSTZmXTr�

��TdRUT {rkl]jsjqrQimgfgudh TZ]g[Sk^Vgfrhgv�c Q�{rVgQa`w]_k}|�Qim klh
Hestenes

f
Stiefel

{gVgQSY
¤ ��� K [_�l�"sURx��Q�VgTdY�[p]_Qa`bTZcyQ<Qa`XmXT�c7ki`wf � frRjTZ�gfgu�mXTW¢ Hj� ¤l¤ £��lRdkludhrk�eiQ�k^RjTZY\tlT�t�Tp|��
mXTzY\T�VgQiTd]gfgY\Td�gfrulhXTzmXT�cyQShrki`bT�mXTzeS{gVgQi[^mXTZhgfgu�[pVgTZ`wfgQimrh��F�<Vgfr]XTd[pTdcyQ~¢�Hj���l£<f
klh�k^Vrhrkd[Sk^mXTd]rmrkleShghXT+mXT�VgQiY�fj`XsUTZ]gfghrQ�Y\T+qgfgeS]gfghrQS]gu�{jkl]rsUqXTdtlTdcyQ

gk+1THdk =
1

τk
gk+1T (gk+1 − gk) =

1

τk
gk+1Tgk+1.

��Tz{gVgQSklodVXTZY�sUt�TZmrQ+mXTzY�mXTdcyQSmXTdhjQi]gu~{gVgfr]XTd[pTdcyQ.¢ HU� Hl£,f ¢�Hj���d£\��RUTdR_hrk~f!fgY�{rkl]rY �
t�Tdmjklhrk#t#`Uk^RUTdY\TdhrQS]UeShgtlklhjk+mXTxhjQik^VgQic>TZhXT�eitlk^ngeShgtlk

dk−1 ∈ Tk−1
�j��TdRUT�{rkl]rsUqXT^�

t�Tdc7Q
dk

T
Hdk = (−gk + βk−1d

k−1)T
1

τk
(gk+1 − gk) =

1

τk
gk

T
gk,

H



f�ei]_Qa`Uk^t�TdhrQS]gmrk

βk =
gk+1Tgk+1

gkTgk
¢ HU� ¤ Hd£

�<k�TdmXTZ]Ukd[pfrqgQim�mXT}qgfgm�cyki`wf � fg�gfgVgTdcyQ�f � k^Vgcysd]XTdhXT�Y\T
τk
�

dk
T
gk = (−gk + βk−1d

k−1)Tgk = −gkTgk

f�ei]_Qa`Uk^t�TdhrQS]gmrk

τk =
gk

T
gk

dkTHdk
.
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 ]r[Sk^Vgfghrv�c@vbh%Y\T+VgQ�TZ]gfgY\Td�gfgudhXTWmgTWcyQShrki`bT+mXT�ei{rVgQi[^mXTdhrfgu�[^VXTZ`wfrQimgh�c7k^|�Q�`bT
eiQ�Y\Td{gfr�WQEtdv�t�tlfj`wTr�

x0, g0 = Hx0 − b, d0 = −g0,

k = 0, 1, 2, . . .

τk =
gk

T
gk

dkTHdk

xk+1 = xk + τkd
k

gk+1 = gk + τkHd
k

βk =
gk+1Tgk+1

gkTgk

dk+1 = −gk+1 + βkd
k

�"TZ|�mrkWQ�`wT�klhgo�QS]UQ�|�fgc��bqgQ#hXTdRUT�k^{gfgeiTdmgfgudh�Td]g[\k^Vgfghgvbc���mgT�tleSulRUT�eihgvb{gRUT
klh�fghrQSVXTd�gfgk^mgmrfgu�{gVgkl�jQie.tlR_] ��qgtlT�e�TZcyk Qa`wmjk�sUc@mrk}|�QimgfgQ%mXT c>TdhgVrfg�XTdhXT

H{rk tlQiR_hrk^V {g]���e%`wtlQ.eiRUTd]XTZVgmgf {gVgk^fgY�tlQa`UQSmgfgu�f hgVgf tdQiR_hrk^Vgmgf k^{jQiVXTd�rfgf klh

�



hgfg{gT�sUc@mrk}|�QSmgfgQ�mgT#eiRUTd]gTdV�{jkxtlQSRUhjk^V�{g] �<e�tlQSR_hrk^V��U��TdRUT#Y\T�frY\qrfgei]gfrhrQi]rmXTdhXT
ei]_k}|�mrkleSh%mXT+Qa`wmgTWfghjQiVXTZ�gfgu�{jkl]rsUqXTdtlTdcyQEkl�jQimgRUTdhXT

NCG
it (H−1b) ≈ N (Hd) + 2N (·, ·) + 3N (v := v + αw) ≈ N (Hd) + 10N.

� ���J��� ����� � � ��h�{rkl]jsjqrQimXTdhgT,klo^�zT¡kl�rQSmgRUT,Y\T�fgY�qgfgeS]gfghrQS]gmXTdhgT,eS]Uk}|�mrkdeih�ei]_Qa`g�
t�Tr��qrQ!oZVgklulh mXT�TdVgfrhgcyQihrfgqgmgfghjQ�k^{jQiVXTd�rfgf�Y\T�Qa`wmXT�fghrQSVXTd�gfru5t�cyQihjki`bT�mXT
ei{rVgQi[^mXTdhrfgux[^VXTZ`wfrQimghW{gVgfWVgQi��Tdt�TZmrQ�mXTE]gfgmjQingmrf�eSfgeihjQic@f�{jkl]rsUqgQSmgf�eS]_Qa`�`wfge��
R_VgQihrfgY\Td�gfguzmXT�Qi]gfg{rhgfgqgmgf�[^VXTdmrfgqgmgf�Y\TZ`bT}qgf�tW`wtdsUcyQiVrmgf�klol]XTZeihgf�frc>T�Tdeifrc7�
{ghjklhgfgRUT N CG

it (A−1b) = O(N)
��� qXTdeihjmrkleSh���Y\T cyki`UQS]gmXTdhXT Y\TZ`bT}qXTr�<R_vw`UQShrk

A = blocktridiag(Ai,i−1, Ai,i, Ai,i+1)
�"R_vX`UQihjk

Ai,i−1 = Ai,i+1 = −I f Ai,i =

tridiag(−1, 4,−1)
Q�t�eifr]XTWkd�rQimrRjTZhXT

NCG
it (A−1b) ≈ N (Ad) + 10N ≈ 19N.
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