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��STw~}jQ_N	�t£R¤=STeZ`aQTVdOTSTg¥NPUTSRyp�R[¦M�§+¨$k

A =




∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗
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� OTQR}j`aOR}jQ_NPOTN�^_N�YCNxOTQTSTU_NxO_N�^_N�`P[nQ_NxXtST^_N
g¥NPXtSTedS[tO�^W[�Y VZQ_NPURSTytO_NRk�� `P[nYIVdQ��
eZSTNPcT^TSTOWV)�TQT[Pw�QTNPYK^TS�edSTeZOWVZYKS � QTV NPcRSTghSTQ_N��pS
M�§+¨ � eZV1�RQTSTc_NPw�NPOpeZ�RVdUTS_NPcRSTghS��Q_NP^RS
NPcTw¥[nQTSTOTYKS�g¥N��TQTVZ^W[nYIVZQ_NxUTSTyTkW§A[tw�NPOR[�eZSTedORVdYCNPO_N/[tOpcTST^RVdbT^TSp}jQ_NxXt^RVd^TSTy
eZV�QTV��pNPXtN�e��W[nYI[ ��O_N�^_N��TQRyt`
YIVZOW[Z\ � UWVZcTO_N�^_NPb�� �TVdeZOR[�V)\]N�eZV�YKST^TSTYKSRg¥SRQ_NPO
��STQTST^_NxO_N�^_N�caVd^TO_NPO_NSRcTS2�TQT[t� STc_N�^_N�YCNPOTQRSTU_NPO_NWk	� Q_Nxg¥wncaVi\]NP^RSTy��TQTSTY VZQ
^RVd^R}tcaVdXtSTORV�VdcaVZYIVd^TOTS"e NpQTNPgh�R[tca[~s)Vd^TS�X�caVZ^TOTN�e
�¦SRQTST^_N��t� � `P[tytOW[�Xt`acT�=�TXoNwnc_NPXt^RSTy�\_S_NPw¥[�^TNPc�S���`P[Z\rSTNPwd[n^_Nxc_N�^TNx\S��R[Z\�^RVdwd[Rk

A =




4 −1 −1

−1 4 −1 −1

−1 4 −1 −1

−1 4 −1

−1 4 −1 −1

−1 −1 4 −1 −1

−1 −1 4 −1 −1

−1 −1 4 −1

−1 4 −1 −1

−1 −1 4 −1 −1

−1 −1 4 −1 −1

−1 −1 4 −1

−1 4 −1

−1 −1 4 −1

−1 −1 4 −1

−1 −1 4
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{=Vd`jN�Q_Nxg¥wncaVi\]NPY V�YI[Z\jVdcT^_NPOTN�g¥Nx\]N~�_N

−∆u = −
(
∂2u

∂x2
1

+
∂2u

∂x2
2

)
= f

X1Vi\_ST^TST�T^RSTyA`aXoNx\rQ_NPO
Ω = (0, 1)×(0, 1)

S�}jedcj[nXtSRyA^_N<¤=STQTS�WcaV XPq Q�j}/wnQ_Nx^TSTU_N��
O_N

Γ = ∂Ω
k_m$QTS_NP^Rwn}Pc_NPUTSRytO_N T V)�R[PeZOTQT[PVZ^_N�Xtq]Q�j}�Q_NPXP^R[nYIVZQR^_N��TQ_NPXP[tq wnq]cT^_NYKQTV s�N=edq e�eZOTq]�T`jN

h = 1/(n+1)
kn¨I\_^_N=VdeZORVdeZOTXPVZ^_N)^W[�Y VZQ_NPURSTy=VH�R[<XtVdQROTST`jNPcR^TS

cTST^RSTS�[tO	YKQTV s�NPOTN � `jNP`aOR[�V��W[n`WNxgdNx^R[�^_N���SRwjk]�jkM�NPOTQTSRU_NPO_N$^_N$`P[nQ_NxXtST^_N$g¥N$YI[Z\jVZcT^TNPO_N0g¥Nx\]N~�_N$STYCN$eZcaVi\r^_NxO_N<zPcj[~�R^_N$eZOTQR}j`��
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�+STw~}jQ_N��j£rM�[Z\jVZcR^_N�g¥Nx\]N~�_N�X�Vi\rST^TSR�T^TSTy�`aXoNx\_Q_NPOlk

OR}jQ_NR£

A =




A1,1 A1,2

A2,1 A2,2 A2,3

· · · · · · · · · · · · · · · · · ·
Ai,i−1 Ai,i Ai,i+1

· · · · · · · · · · · · · · · · · ·
An,n−1 An,n
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m$y�eZV+g¥NP�TSTedXoN�eZq]`jQTNPORVd^R[�Xtq X�XtSj\]N

A = block tridiag(Ai,i−1, Ai,i, Ai,i+1),

`aqr\jVdOR[
Ai,i = tridiag(−1, 4,−1)

S
Ai,i−1 = Ai,i+1 = −I eZN�ztca[�`x[nXtV�e�Q_NPghYIVdQ��^R[PeZO

n× n k]m$QRSW\rS_NPw¥[n^_NPcT^RSTORV�ztca[�`x[nXtV Ai,i edq [tORXtVZOWeZXoNPO�^_N�Vi\r^_NpXtVdQROTSR`WNxcT^_NcTST^RSTy¦[PO�YKQTV s�NPOTNRk
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∆u
0[6B=���4 ?

"$2#*,2\=�6�VB��A]^Z�����'4!�#E7K)6'_+D!���V4\=�9�"$�7`Qa,=>2�*,�!�/b/��B���^c�#_�:d2�B=�0e%B��+D!�/.10$� 2�f�8
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� ���C� ���T� S 6�5=>2 @ 6�76 ��6�4!�I=�6'E�2 ��6�0h"$2m*M0$�5=>2'�'�L6#`

¤[K`�NIg NIO$Vlc$elO$XK[Tk/�)O [n�TQRVi\jVZcaVZ^TSRVZOR[ ^_N YCNPOTQTSRU_NPO_N ^_N `x[�QTNPXtST^_N �TQTyP`P[
eZcaVi\rXtNPO�Q_NxXtVZ^WeZOTXoNxO_N

aij = a(φi, φj), aji = a(φj, φi)

S�eZcaVi\j[nXoNPORVdcT^R[

aij =
∫

Ω

2∑

k,l=1

pkl
∂φi
∂xk

∂φj
∂xl

dΩ =
∫

Ω

2∑

k,l=1

plk
∂φj
∂xl

∂φi
∂xk

dΩ = aji

e+`P[tVdOR[�caVZYCNPO_N�V)\j[n`WNxgdNx^_NRk
� ���C� ��� � S 6�5=>2 @ 6�76 ��6�4!�I=�6'E�2 ��6�0dB��+D!�/. 2 ��0ID'�!����B=�0e%'0ID!0$��6#`

¤[K`�NIg NIO$Vlc$elO$XK[Tk {=VZ`jN
v = {vi}Ni=1 6= 0

V��RQT[nSTghXt[tcaVZ^
N
� Y VZQTVd^uXtVd`jOW[nQ|S

^RVd`jN
vh ∈ V ⊂ H1

0

V1eZq][tOTXtVdOR^_NPOTN�YI}�X�M�§+¨ ^_N��_NPeZORS
cTST^RVdbT^_N��K}j^T`aUTSTy � O k Vxk

vh =
N∑

i=1

viφi

m$[tw�NPXoN
vTAv = (Av,v) =

∫

Ω

2∑

i,j=1

pij
∂vh
∂xi

∂vh
∂xj

dΩ.

�)O¦�W[tca[~s�SRORVZcR^_NPO_N�[��RQTVi\jVZcaVZ^W[teZOp^_N�`x[tVZ� STUTSTVd^TOR^TNPO_N�YCNxOTQTSTU_N
[pij]

2
i,j=1

eZcaVi\ �
XoN�^RVdQ_NPXtVd^RedOTXt[tOW[

∫

Ω

2∑

i,j=1

pij
∂vh
∂xi

∂vh
∂xj

dΩ ≥ C
∫

Ω



[
∂vh
∂x1

]2

+

[
∂vh
∂x2

]2

 dΩ.

m0}j`
�TQTSTcTNPw�NPYIV+^RVdQ_NPXtVd^ReZORXt[tOR[�^_N � ORVd`acj[nX
∫

Ω



[
∂vh
∂x1

]2

+

[
∂vh
∂x2

]2

 dΩ ≥ C

∫

Ω
v2
hdΩ,

`P[PVZOR[�V+X�eZSTc_N�g¥N�XteZyt`jN��K}W^R`jURSTy¦[PO
H1

0 (Ω)
k � cjVi\j[nXoNxORVZcR^R[

vTAv > 0, ∀v 6= 0,

e+`P[tVdOR[�caVZYCNPO_N�V)\j[n`WNxgdNx^_NRk
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E6�*M0 "

C > 0
�#_#�#_�:h0$��6 B��+D!�/. 2'��0ID'��6 4!���!"$�76�L6�76�8J4!�$f!��� �!0 G6'E�2!"$2l���

B>6$=�6�*M0$��9!=�6C�L6 *�=�0 .p6�76
h
2#D'2#8�4-�#0$���N050$4!E�2-E6�D!0$�'�h�!�+8Y��� =�6�G+*M0Z=>�!�#"$�h�76

��6A%2-"$4+=�0$�h�L6�76hG6#%#6�L6
N
`

304�� 7���� ;<8)9)>	��?=G�
)D����=G'?A>FG�I: ���=G J�� ?1G � 8�4
� ��������������� ��������2!"ID!�p��6 �#_�(#"ID!�#E#0$�-�#"$� �L6��#_I=�6�h2m*,2�f ��B�0Z=�6���I=

A
���h?

�!�#"$�-�7�!�I=!*<6�76 || · || ��6$=>2 ��6�*M0)���h�!��KH0$�'2-0$���

κ(A) =
||A||
||A−1|| .

� ��������������� ��� ���N0$4�6
A

0 "$2#*M0$�5=>2'� ��6 21B��+D!�/. 2'��0ID'�!� ��B=�0e%'0ID!0$��6A*<6�h?
=>2 @ 6#`[� B�0$4'�5=�6�D'�-�h� 2!"ID!�7�L6��#_�(#"ID!�#E#0$�!�#"$�&��6

A
��6$=>2 ��6�*M0

κ(A) =
λmax
λmin

,

4!9Y%'0$����"
λmax

2
λmin

"e6V�+G��L6�!0$� 2�*<64-"$2#*<6�D'�-�����72�*,2 �'2m*<6�D'�!� "+�#_#"$��E#0$� 2
�'2-"ID�6���6

A
`

�2^_NPedOR[tyx�pSTyA`t}jQTe0�¦V0�TQTVi\_�R[tc_NxwxNxYIVL�R[+�R[Z\rQTNPghzPSTQ_Nx^RV � �TV$�TSTedca[tOR[�^_NA[tzx}jedcj[��XtVd^R[tedO�edq [POTXtVZOWeZOTXtN<^_N$ed�RVZ`aOTQTNPcT^_NPOTN<^W[�QRYCNL^TNLedSTYIVdOTQTST�T^TNPO_NLS��W[tca[~s�SRORVZcR^R[
[n�TQTVi\jVdcjVd^_NpYCNPORQTSTU_N

A
k

{=VZ`jN�[tOR^W[�XP[¦Q_Nxg¥wncaVi\]NPY V�YI[Z\jVdcT^_NPOTN¦g¥Nx\]N~�_NRkrm0}j`��pV+^_NxYIVZQTSRY XpytXPVZ^�XtSW\
eZ[PzPeZORXtVZ^TSRORVA�TSTedc_N�^_N�YCNPOTQRSTU_NPO_N�^_N�`x[nQ_NPXtST^TN�S��¦V1�W[tcR}j�TSTY%[tUWVZ^T`jN�g¥N�^RVZb��
^R[POR[��TSTedcj[�^_N�[tzx}jedcj[nXtVd^R[tedOlk

0 1

x x x x x xi−1 i i+1 n+110

�+STw~}jQ_N �W£_¨ \r^R[nYIVdQT^_N¦g¥Nx\]N~�_N � h = 1/(n+ 1)
k

{1NPb�� ^_NP�TQRVi\%�¦V��RQTVZedYIVZOW^RVZY�eZ[tzxeZOTXPVZ^TSTOWV	�TSTeZcTN"S ed[tzPedOTXtVZ^RSTORV	�K}j^T`aUTSTS
^_N�Vi\r^R[nYIVdQT^_NPOTN�g¥Nx\]N~�_N

Lx̄xu = λu,
���Wk � �

�



`aqr\jVdOR[�e
Lx̄x

VA[tgh^_N~�TVZ^_N�OTQRSTOR[~�T`x[nXoNPO_N�\rST�HVZQTVd^T�T^_N�NP�TQR[�`xeZSTYCNxUTSTy�^_N�[��WVZQ_N �
OR[nQ_N

L = −u′′(x)
�TQRS�^W}tcaVZXtS�wnQ_NP^TST�R^TS�}jedcj[nXtSRy¦S	Q_NPXP^R[nYIVZQR^_N�YKQTV s�N

ωh
eZq]e

eZORq �T`jN
h = 1/(n + 1)

� XtSWs��+STwakQ�t�¥k � �WVZ`aOTQ_NPcR^_NPO_N�g¥Nx\]N~�_N|���jk � �1edV¦g¥NP�RSTeZXoN
�R[�� �R[Z\_QT[tzP^W[�Xtq]X�XPSW\]NR£

−ui−1 − 2ui + ui+1

h2
= λui i = 1, 2, · · · , n

S�w�QTNP^TST�T^RS�}jeZca[nXtSTy
u0 = un+1 = 0

k � caVi\j[nXoNPOWVZcT^W[

ui−1 + ui+1 = 2(1− h2λ

2
)ui

{=Vd`jN��W[tca[ns�STY
ui
Xtq X	XtSj\]N

u(xi) = sinαxi
k��<QTSTc_NxwxNxYIV�OTQTSTw¥[n^R[nYIVZORQTST�T^TSRORV

�H[�QRYI}tcTS

sinα + sin β = 2 sin
α + β

2
cos

α− β
2

, 1− cos 2α = 2 sin2 α.

mLNP`jN��R[tcR}j�_NxXoNPYIV

sinα(xi + h) + sinα(xi − h) = 2 sinαxi cosαh

S
2 sinαxi cosαh = 2(1− h2λ

2
) sinαxi.

� caVi\j[nXoNPORVdcT^R[
λ =

2

h2
(1− cosαh) =

4

h2
sin2 αh

2
.

�)OwnQ_NP^TSR�T^R[tOW[¦}jeZca[nXtSTV
u(1) = sinα = 0

^TNPYKSTQ_NPY V
n
edOR[nbT^W[teZOTS�^_Np�_NPQTNPYIV �

OTq]Q_N
α = kπ, k = 1, 2, . . . , n � ^_N�`P[nSTOR[�eZq][tOTXPVZORedOTXoNPO n Q_NPghcTSR�T^TS�ed[tzPedOTXtVd^TS�TSTedc_N�S�ed[tzPedOTXtVZ^RSTORV+XtVd`jOW[nQTS

λk =
4

h2
sin2 kπh

2
, k = 1, 2, . . . , n

Φk = {φik}ni=1 = {sin kπih}ni=1.{=VZ`jN)edV$Xtq QR^RVZY"`aq]Y"\rXx}WY VZQT^_NxO_N)YI[Z\jVZcR^_N)g¥Nx\]N~�_NRkt{<VZ�W[teZQTVi\jedOTXtVd^R[�eZV$�TQT[��
XtVdQTytXoN � �TV Φkl = {Φk(x)Φl(y)}nk,l=i

e N�eZ[tzxeZOTXtVd^TSTOWV)�K}W^R`jURSTS
^_N/YCNPORQTSTU_NPOTN�^_N
`P[nQ_NxXtST^_N

A
k_m$[nXoN�eZcaVi\rXoN�[tO	Q_NPXtVd^RedOTXoNPO_N

1

h2
AΦk(x)Φl(y) = Φl(y)Lx̄xΦk(x) + Φk(x)LȳyΦl(y)

=
4

h2
sin2 kπh

2
Φk(x)Φl(y) +

4

h2
sin2 lπh

2
Φk(x)Φl(y).

�©�Wk �P�

�



�)O2�©�Wk �P�L�W[tcR}j�_NPXoNxYIV�X�ytXtVd^�XtSj\��TQTVi\jedO_NPXtyP^RV�^_N�eZ[tzxeZOTXPVZ^TSTOWV��RSTeZc_N¦^_N¦YCNPO��
QTSTUTNPO_N

A

λkl = 4

(
sin2 kπh

2
+ sin2 lπh

2

)
, k, l = 1, 2, · · · , n

S�eZq][tOTXtVdOR^R[
λmin = 8 sin2 πh

2
, λmax = 8 sin2 nπh

2
.

� caVi\j[nXoNPORVdcT^R[

κ(A) =




cos2 πh

2

sin2 πh

2


 =

4h−2

π2
cos2 πh

2




(
πh

2

)2

sin2 πh

2




= O(h−2) = O(N).

�������
	������������� ad�+D'(/�!0$��6�76�� @ 0$�'4L6

κ(A) = O(h−2) = O(N)

2#*<6���(/��%#6�*M0$�76�D!0$���m6$=�64'��0Z=�`��-fp03E "$2#D�67B=>2�*,�!�/b/���#_�:d2 B=�0e%B��+D!�/.10$� 2�f
G6 *<6�5=>2 @ 2'��0 ��6 4!�I=�6'E�2'�L6�8d4!��2 ��� "+0AB��+D'(/��6'E6� B=>2 %2-"$4+=�0$�h2mG6 @ 2�f �L6
0ID'2'B!�h2 �'� 2 b =�6�'2 �'�'2 G6#%#6�'21��� E����I=>2 =�0e% B�� SVUCk 2mD'2 G6 "+9�����E#0$�h� 2'��0
*<6�5=>2 @ 2�B��+D'(/�!0$�'2VB��hS�UCW[`
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