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κ
(
C(k+1)−1

A(k+1)
)
≤ 4. ���S� kÒÑ  

Ó4AhdÔTcCnTc?*PlZ*Ml?*GhALkLÓ9ASdgTfC_Tf?BPjZ\M_?LGDAD?gA$MjZ\Pu`eGvT$AN?8AD�iO8TN?UT�?BP_ASKLEL}$VUT�`eGNbaVLELGDAi|
GDEL?gP�XcPj?gAj`eE�E�KUTNGDVgASXcPjKLVLTN?UT�AD{BP_VLdaT'VUT�dNASVgMj?UTNVB?UTN?UT'G'baMjEBZaP_VBAD?gA8VBP_KUTNGDP_VBMF|
?LGvT�VUT�Õ�Ö�× C[T8X�TN?LKLEB{UTN?UT�VUT�dNASKUTfGDELVUTBrÄIBKLPjM_XcPj?gVUTN?UT�AD?gVBADM_VBA�~LP_KUTNKDsgELWLPjV
`eGNbaVLEBGDASG+�vTfC[EBMNkUØ�TNdaT�IBADZBbaWUTfGvTNXcP
κ
(
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)
≤ κ
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S(k+1)
)
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<

1
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S̃(k+1) = S(k+1) k�� ?BASGvT�?gPjASKLPjX�Tf?UT�P�`aAi|daTNC[TNVUTBk
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EB?BPjKLTN{LELEL?gP-OQPq�NHe`aP�KUTNGNVBASXcPjKBVBA�ADRSKUTNVLEBWLPjVlrU?yk¥Pfk
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it = O(1).
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^Í*¸��4ºa´�µ[ÐU¸iÐU¸v½v¾�ºB²8Ðe¸v¾��h´aÅ
Ïa´e¾[ºa¹�´g¹Q¾�ºB²�¾·¶a´aÃU¹�´g³aºL²N¹'²8¿ Ày²Nºa´a³gºB²�
N²vÂv²N³L²vÉ
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∑
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E∈Tk+1

λ3(A
(k+1)
11;E )uTu,

d\He`aP_?BA
Cev
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Cev > 0
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?BASIgADZ\ADRSEL}D?UT�VUT�VUT^WUTNZBVUTN?UT�?BKLEUTNVLR^bNZUTN{LEL} T1

k�� A�VUTfILHnZBVBA$TfVUTNZ\ADRSELWLP_V�VUT^WLELV
MjP-`aASdaTNCFGvT�AD{BP_VLdaT'AD?a`aADZBbJrU?lkÒPNk

uTA
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11 u > min
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λ1(A
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ºa´e½v¸v½i´iÁ »N²�
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a(u, v) =
∫

Ω
p(T )
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∂x1

∂v

∂x1

+
∂u

∂x2

∂v

∂x2

)
dΩ,
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MjP�MjHJMj?gASE�AD?:KUTNGDVgAD�vPu`eKLP_VLE�ILKLTNGDADHJRSHnZLVBE�?LKLEBHnRSHJZLVLEL{LEyrnM�daTN?BP_?LE:baM_IBASKLPu`eVLE
VUT dfADASKg`eELVLTN?BVLEB?BP�ADM_Elk � PjdaT.MjHUO+A ?UTNdaT.dfADPj�ªEL{LELP_VL?LHJ?

p(x1, x2) = p(T )
P
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Z\ASdgTfZLVUTN?UT-AN{BPjVBdgT9VUT�WLELM_Z\AD?BA-VLT�AD�fbaM_ZaASGDP_VBADM_?$VUT
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M_P�ILKLP_MjXh}D?LT�AD?BVgADMjVgA
Pu`eVUT'X�TNd\KLADP_ZaP_XcPjVB?BVUT'X�TN?LKLEL{LT�VLT'dfAiKLTNGDELVUTgrUdNAD}D?gA+EBX�T�GNEg`JT
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λ1(A

(k+1)
11;E ) =

p(e)

2
(2−

√
2), λ3(A

(k+1)
11;E ) =

p(e)

2
(2 +

√
2).

Ø*HJ~7daTN?gA�IBKLE7KLTNGDVBASXcP_KLVUT�XhKLPp]�T
Cev ≤ 6

rl?BA	AD?�VUTNX�PjKLP_VLEL?BP'XhELVLEBX�TNZLVBA	E
X�TNdfMjELX�TNZBVBA'MjAD�fMj?LGDP_VLE�WBELMjZUT�C[T�ZaASdaTNZLVLTN?UT�X�TN?LKLEL{LTBrUIBADZgbgWLTNGvTNXcP�AD{gPjVLdaTN?LT
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√
2).

�c�*��� �t���y�o���-���-��� �4���o�y�ª�q�q�Ô�ª�t���ª���Ä�'���������������9���
AMLI

�����n�c�-���	���=�

 ZBR_Pi�NKLEBWLVLEL}D?�XhVgADR[AiVBELGDASG�XcP_?BAj`8AD?8?LELI

AMLI
P�AN�DAD�iO+P_VLELP VUT�`eGfbgVBELGDASGDEL}

XcP_?BAj`�k ¡ T${gPjZL?UT�MjP�ILKLEBZUTNRiT'M_Z\Pu`eVUTN?UT'KLPjdDbaKLM_ELGDVUT'dNASVBM_?LKBbad\{LEL}��

C(1) = A(1) 

C[T
k = 1, 2, . . . , `− 1

C(k+1) =


 A

(k+1)
11 0

A
(k+1)
21 Ã(k)
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Ã(k)−1

=
[
I − pβ

(
C(k)−1

A(k)
)]
A(k)−1

.Ø�bad
pβ(t)

P	IBADZBELVBASX AD?zMj?BP_IBP_V
β
rc?LTNd\HnG�WLP

pβ(0) = 1
E

0 ≤ pβ(t) < 1
C[T

t ∈ (0, 1]
k � P_dgT

pβ(t) =
1 + Tβ

(
1 + α− 2t

1− α
)

1 + Tβ

(
1 + α

1− α
) ,
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α ∈ (0, 1)
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P7IgADZLELVgASXhHn?wVUT

�9Pi�NE��'P_G�AD?	Mj?BP_IBP_V
β
k

� M_VBASGDP_V'KBPjC·bDZL?LTN?+G�?gPjASKLEL}D?LT�VLT
AMLI

XcP_?BAj`eEB?BP*P�MjZ\Pu`eGvTSO�TN?LT�?gPjASKLP_X�TBk
¦�§\¨g©ª§\«q¬YL®n¯����qÐe¸ 
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^Í*¾^µ[¹Q¾[º Ãy¸^¶a´aºU¸^Í"ºL²
��¾^»i´���¾^½�¾�½�µ[´\¶B²'ºe¾ÎÀy²a½v¾[ºUµ[¹Q½v¸i¹Q¸

β2 >
1

1− γ2
,

¹Q¸�µ ���¾^µ[¹Q½i¼\½N²
α ∈ (0, 1)

�¹'²NÐU¸v½N²�³e¾
AMLI

ÃNÀÄ¾^¸v»i¼\µ·¶U¸v½i´a¹Q¾·¶iÁU¹
C = C(`) ´Í3²N¹�ÀJ´aÏL²N¹'²qºL²qÐU¸·Ày²a½i´gºB²

A = A(`) µj²$µ[Ãy¾[Ða¹�Ày²i¶aºU¸�¾[ÐU½i´e½N²i¶U¾[ºa¹�ºa´ y¹'É°¾jÉl¸i¹�ºU¸iÅµ[´a¹Q¾·¶aºe¸i¹Q¸�³a´Uµ·¶U¸QºB²�¸v»i¼vµ·¶U¸v½v¾[ºe¸vµ[¹
κ (C−1A)

¾�¸f¿ Ày²Nºg´a³U¾[ºe¸�¸i¹ ÐU¸iºeµ[¹'²Nºa¹'²�
ÐU¸[ÁU¹Q¸'ºe¾ 
N²a½i´Uµ[´4¸i¹ »·ÀÄ¸[Á4ºL²QºU¾[´�
v½v¾^µ[¹�ºg´a¹Q¾

N
É

Ø*Hn~�daTN?gA
γ2 <

3

4

ry?gA�VBP_IBADM_KLPu`aMj?LGNPjVBA	M_ZaPu`aM_?LGDELP'AD?�M_?LKBbad\?BbaKUTN?UT	VUT8ILKLPF|
AD�ibgM_ZUTNGD}iO�TN?LTQX�TN?LKLEB{UT

C
E�AD?�R_ASKLVLTN?UT8?BP_ASKLPjX�T�PNryWLP

AMLI
TNZLR[AiKBEL?LHJXhHn?

ELX�T�ASIL?LELX�TfZLVUT�ELCFWLELM_ZLEL?BP_ZLVUT�MjZ\A^]�VBADM_? AN?BVBANMjVBA��fKLAD}�VUT4VgPjELCFGDP_Mj?gVLEL?BP
N
k

�9A � ?BA^WBVBALr�C[T�`aADM_?LELRiTNVBPQVUT�AD?gVBADM_EL?BP_ZLVUT�?gA^WLVBADM_? ε > 0
G4XcP_?BAj`JT:VUT�MjIBKLPjR |

VUTN?BEL}YRSKUTf`UELPjVL?xM�ILKLP_AD�fbaMjZLTNGD}DVgP6MjT `aADMj?UTf?LHnWBVLE
O(N log

1

ε
)
TNKLEB?LXcPj?BELWLVLE

ASIBP_KUTN{LELEyk
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ε
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