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m�TNCFRSZaPp]q`JTfXcP�M_ELMj?gPjX�TN?LT

A(k+1)u(k+1) = f (k+1). ���S� k �S 
¡ T�ILKLP_AD�fbaMjZLTNGD}DVgP�VLT'X�TN?BKLEL{UTN?LT

A(k+1) r

A(k+1) =


 A

(k+1)
11 A

(k+1)
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A
(k+1)
21 A

(k+1)
22


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C(k+1) =


 A

(k+1)
11 0

A(k+1)
21 A(k)




 I

(
A

(k+1)
11

)−1
A

(k+1)
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
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¸v»i¼vµ·¶U¸v½i´g¹Q¾·¶6Æ�ÇyÈ[ÉËÊ_ÌQ¾�½8µ[´\¶B²�Ày²a½iºU¸^Í*¾ÎÀJºB²N¹'²�¸iÏU¾[ºgÐB²

κ
(
C(k+1)−1

A(k+1)
)
≤ 4. ���S� kÒÑ  

Ó4AhdÔTcCnTc?*PlZ*Ml?*GhALkLÓ9ASdgTfC_Tf?BPjZ\M_?LGDAD?gA$MjZ\Pu`eGvT$AN?8AD�iO8TN?UT�?BP_ASKLEL}$VUT�`eGNbaVLELGDAi|
GDEL?gP�XcPj?gAj`eE�E�KUTNGDVgASXcPjKLVLTN?UT�AD{BP_VLdaT'VUT�dNASVgMj?UTNVB?UTN?UT'G'baMjEBZaP_VBAD?gA8VBP_KUTNGDP_VBMF|
?LGvT�VUT�Õ�Ö�× C[T8X�TN?LKLEB{UTN?UT�VUT�dNASKUTfGDELVUTBrÄIBKLPjM_XcPj?gVUTN?UT�AD?gVBADM_VBA�~LP_KUTNKDsgELWLPjV
`eGNbaVLEBGDASG+�vTfC[EBMNkUØ�TNdaT�IBADZBbaWUTfGvTNXcP
κ
(
C(k+1)−1

A(k+1)
)
≤ κ

(
A(k)−1

S(k+1)
)

= κ
(
A(k)−1

S̃(k+1)
)
≤ 1

1− γ2
<

1

1− 3/4
,



d\He`aP_?BA�MjHUO+PjMj?BGDPjVgA�EBC[IgADZLCFGvTNX�PNryWBP
S̃(k+1) = S(k+1) k�� ?BASGvT�?gPjASKLPjX�Tf?UT�P�`aAi|daTNC[TNVUTBk

Ó�ASdaTNC[TNVUTN?LT-AD{BP_VLdaT�IgAidaTNCFGvTgrDWLP TNdNA�C[TqKLP��+TNGvTNVgP*VUTqMjELM_?BP_X�TN?UT ���S� k �S  ILKBEg|Z\A^]�EBX,XcPj?gAj`JT:VUT:MjILKLP_RSVUTN?LEL}�RSKUTf`UELPjVL?=M+ILKLP_AD�fbaMjZ\ASGDEL?gPjZ
C(k+1) r�?BA:�NKLAN}D?VUT

PCG
EB?BPjKLTN{LELEL?gP-OQPq�NHe`aP�KUTNGNVBASXcPjKBVBA�ADRSKUTNVLEBWLPjVlrU?yk¥Pfk

N PCG
it = O(1).

� MjVgAiGNVUTN?UT�Eg`aPj}'VUT$`eGNbaVLELGNAiGNEL?BP�XcP_?BAj`eE�P-`JT'M_GDPu`aPjX�C_Tf`eTSWLTN?UT$`aA'IgAj`eC[Tf`JT^WLE
M�KLPu`Uba{LELKLTNVUTQKUTfC[X�PjKLVgADMj?lkeÕ�TNd\?gA'P�ELCFGDP_Mj?gVBALrUKLP��QTfGvTNVBP_?BA�VUT�MjEBMj?BP_X�T+M�ILKLPF|
AD�ibgM_Z\AiGNEL?BP_ZL}

C(k+1) MjPqMjGNPp]�`eT�`aA�KLP��+TNGvTNVgP�VUT�`UGDP-MjEBMj?BP_XhE	M-�DZ\ASdgT A(k+1)
11

E
Pu`eVUT'MjELM_?BP_X�T'M

A(k) k
¦�§\¨g©ª§\«q¬Y­L®n¯��	�y´eµ·¶U¸i¹Q¸	ºB²6¸v»i¼vµ·¶U¸v½v¾[ºe¸vµ[¹�ºL²

A
(k+1)
11

¾-Ày²a½iºU¸^Í*¾ÎÀJºU¸4¸f¿ Ày²Nºg´aÅ
³U¾[ºe¸	¸i¹�ºU¸vµ[ºe¸�Ày²�
^Í*¾ÎÀJºU¸vµ[¹�¹'²+ºL²�
N²vÂv²N³B²N¹'²Q´6½�
�
^Í*¸��4ºa´�µ[ÐU¸iÐU¸v½v¾�ºB²8Ðe¸v¾��h´aÅ
Ïa´e¾[ºa¹�´g¹Q¾�ºB²�¾·¶a´aÃU¹�´g³aºL²N¹'²8¿ Ày²Nºa´a³gºB²�
N²vÂv²N³L²vÉ
Ó4AhdÔTcCnTc?*PlZ*Ml?*GhALk ¡ T$`eT$`aASdaTf]�PjX*reWLP

κ
(
A

(k+1)
11

)
= O(1)

AD?gVBASGDA$O+PqILKLELZ\A^]�ELX�Z\ASdaTNZ\PjV�TNVLTNZLELCSkLØ�TNdaT

uTA
(k+1)
11 u =

∑

E∈Tk+1

uE
TA

(k+1)
11;E uE ≤

∑

E∈Tk+1

λ3(A
(k+1)
11;E )uE

TuE

�3Z\Pu`aASGvTN?BP_ZLVBA
uTA

(k+1)
11 u < Cev max

E∈Tk+1

λ3(A
(k+1)
11;E )uTu,
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Cev
P�X�TfdNMjEBX�TNZLVLEL}N?t�NKLAS~zPjZ\P_XcPjVL?BElrÔG�dfAiEB?BA X�AS]�PQ`JT�MjP	MjZBbaWLE `JT

baWUTNM_?LGvT�GDHnCFP_Z'AN? Tk+1

k��3Z\Pu`aASGvTN?BP_ZLVBA
Cev > 0

P*dNASVBM_?UTNVL?LTBr\C_TfGDELMjPFO�TqMjTNXcA�AD?
?BASIgADZ\ADRSEL}D?UT�VUT�VUT^WUTNZBVUTN?UT�?BKLEUTNVLR^bNZUTN{LEL} T1

k�� A�VUTfILHnZBVBA$TfVUTNZ\ADRSELWLP_V�VUT^WLELV
MjP-`aASdaTNCFGvT�AD{BP_VLdaT'AD?a`aADZBbJrU?lkÒPNk

uTA
(k+1)
11 u > min

E∈Tk+1

λ1(A
(k+1)
11;E )uTu.
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MjHJAD?LGNPj?BVgA�KUTNGDVLE�VUT�XhELVLELX�TfZLVUTN?UT�E	X�TNdNM_ELX�TNZLVLT+MjAN�NMj?BGDPjVUT�Mj?gAS~LVBADM_?lrUIBANZBbv|
WUTNGDTNXcPqAD{gPjVLdaTN?UT

κ
(
A

(k+1)
11

)
= Cev

max
E∈Tk+1

λ3(A
(k+1)
11;E )

min
E∈Tk+1

λ1(A(k+1)
11;E )

.

M�dNADP_?BA'?BP_AiKBPjX�TN?UT�P-`aASdgTfC_TfVUTBk
�3HeO+PjM_?LGDP_VBA�C[T�ILKLELGDPu`aP_VBAD?gA�`aASdaTNC[TN?BP_ZaM_?LGDA$PfrgWBP�X�TNd\KLADP_Z\PjXcP_VL?BVLEB?BP-X�TN?a|

KLEL{BE
A

(k+1)
11;E

MjT�IBANZaA^]�EL?gPjZLVgA4ASILKLPu`aPjZ\P_VLElkcØ*ASGvT�PQ?UTNdaTBr�C_TSOQAN?BA	?BP+MjHJAD?LGDP_?g|
Mj?BGvTN?tVUT�`eELM_daKBPj?LELC[TN{BEL}=VUT ELCpsDAj`eVUTN?UT6PjZLEBIL?LELWLVLT.RiKLTNVLELWLVLT C[Tf`JT^WUT7GDHJKDsab
X�TNd\KLADP_Z\PjXcP_VL?UT

E
rcILKBE dfADPj?gA�GDHnG�GNHnKDsvASGDP_?BP�VUT�?LKBELHnRSHJZLVLELdaT�M T4VUTfZaA^]�PjVLE

svASXcANR_P_VLVLE�RSKUTfVLELWLVLE	baMjZ\ASGDEL}+VUT�Ó9ELKLEasBZ\Pfk
� ? ���S� kÒÑ   MjZ\Pu`eGvTgroWBP:XcP_?BAj`eHJ?zVUT�MjILKLP_RSVUTN?LEL}7RSKUTf`eELP_VL?�ELX�T�ASIL?LELX�TfZLVUTELCFWLELM_ZLEL?gPjZLVUT7MjZ\A^]�VgADMj?YILKLEYKLP��+TNGvTNVgP	VUT6M_ELMj?gPjXhEtM

A
(k+1)
11

k �3Z\Pu`aAiGDTN?BP_ZLVBA
`eGNbaVLEBGDASGDEL}D?.XcbNZL?LELIBZLELdaTN?LELGNPjVzILKLP_AD�fbaMjZ\ASGDEL?gPjZ=M_GDPp]q`JT�C[Tf`JT^WUTN?UT�`aA�KLP��QTS|
GvTNVgP3VUT-M_ELMj?gPjXhE�M�X�TN?BKLEL{UTN?LT

A(k) rNdNAN}D?BA-P3M�ILKLEL�NZLELCFEL?BP_ZLVBAqÑ�ILHn?BE�IBA � X�TNZLdaTKUTNCFXcP_KLVBANMj?�AD?	ELCpsvAj`eVUTf?UTBk
� ¬��y§���§��
	l¬�­L®n¯°­��oÀJ´�ÀÄ¾j²i¶a´�
N²NÏg´iÁ�ºB²�Ío¼S¶a¹�´aÃB¶a´aÐL²N¹�´U½iºg´iÁ�Âa½i¼iºg´U½v¸v½qÍ*¾[¹Q¸NÂ�

Âa¾��h´aºg´^Ày²Nº�µ�Ãy¸^Í*¸���¹'²+ºB²4Æ�ÇyÈ[ÉËÊ_Ì�
3µ^¾*Ày²a»v¸i¹�´4µj²iÍ*¸8µqÍ3²N¹�ÀJ´aÏg´a¹Q¾�ºB²QÐe¸·Ày²a½i´aÅ
ºB²�
 ÃNÀÄ¾^µ·Í*¾[¹�ºL²N¹�´ ¸i¹�ºU¸vµ[ºe¸�µ[¹'²NºBÂv²[ÀJ¹�ºa´fÁ���²D¿ Ày²Nº �7¾^½�»N²�
i´UµjÉ���½i¼fºa´U½v¸v½i´fÁU¹
� ¾ÎÀy²[À��D´g³U¾[º »N²�
i´Uµ4µ^¾	´�
iÃy¸^¶�
v½N²=µj²iÍ*¸�ÐL²N¹Q¸.¾·¶U¾·Í*¾[ºa¹ ºB².Âa¸iÐB²�
N²N¹Q¾·¶Uµ[¹Q½v¸i¹Q¸NÉ
� ¸v½N²�¾Qµ 
���¾^µ[¹Q½v¾[ºe¸QÃNÀÄ¾jÂN´\Í*µ[¹Q½v¸+ºB²�Ío¼^¶a¹�´gÃB¶a´aÐB²N¹�´e½iºa´fÁ�Í*¾[¹Q¸NÂ6Æ ÐU¸v¾[¹Q¸Qºe¾
¾�½�µ[´v¶B²�ÃNÀJ´=²vÂN´a¹�´e½iºa´fÁNÌ�
 
N²���¸i¹Q¸8Í3²N¹�ÀJ´aÏg´a¹Q¾'ºB²�ÐU¸·Ày²a½i´aºL²6¸i¹�ºU¸vµ[ºe¸�Âa½i¼iÅ
ºa´e½v¸v½i´iÁ »N²�
i´eµ�´vÍ3²N¹ Ãy¸�� Í3²i¶aÐU¸-Ày²�
·ÀÄ¾jÂa¾[ºB²	µ[¹�ÀJ¼fÐa¹�¼·Ày²vÉ

� ©��ª«9§a©o¯�� P_dgT�KUTNCFRSZaPu`eTNXcP�AN?BVBASGDA�XcAj`aPjZBVUT�C[Tf`JT^WUTBr\M_HnAD?BGDPj?gMjGvTiO8T�VLT��NEa|
ZLELVgPj~LVLTN?UT��ÔASKLX�T

a(u, v) =
∫

Ω
p(T )

(
∂u

∂x1

∂v

∂x1

+
∂u

∂x2

∂v

∂x2

)
dΩ,

d\He`aP_?BA
Ω
P�IBKUTNGDADHJRSHnZ\P_VYIgADZLELR[ASV E T1

P�KUTNGNVBASXcPjKBVUT�?LKLEUTNVBRSbNZUTN{LEB}Lr�dNAD}D?gA
MjP�MjHJMj?gASE�AD?:KUTNGDVgAD�vPu`eKLP_VLE�ILKLTNGDADHJRSHnZLVBE�?LKLEBHnRSHJZLVLEL{LEyrnM�daTN?BP_?LE:baM_IBASKLPu`eVLE
VUT dfADASKg`eELVLTN?BVLEB?BP�ADM_Elk � PjdaT.MjHUO+A ?UTNdaT.dfADPj�ªEL{LELP_VL?LHJ?

p(x1, x2) = p(T )
P

¤



dNASVgMj?UTNVB?UTYGDHJKDsab GDMjP_daEwAD? PjZ\PjX�PjVL?LEB?BP
T ∈ T1

k �9KLEx?BP_CFExIBKLPu`eIBANZaA^]�PjVLEL}
Z\ASdgTfZLVUTN?UT-AN{BPjVBdgT9VUT�WLELM_Z\AD?BA-VLT�AD�fbaM_ZaASGDP_VBADM_?$VUT

A(k+1)
11

M_P�ILKLP_MjXh}D?LT�AD?BVgADMjVgA
Pu`eVUT'X�TNd\KLADP_ZaP_XcPjVB?BVUT'X�TN?LKLEL{LT�VLT'dfAiKLTNGDELVUTgrUdNAD}D?gA+EBX�T�GNEg`JT

A
(k+1)
11;E =

p(e)

2




2 −1 −1

−1 2 0

−1 0 2


 .

Ø�TNdaTBrUM�IBASXcA OQ?UT�VUT�PjZ\PjX�PjVL?UTfKLVLE4ILKBPjMjXh}N?UTNVLEL}'IBANZBbaWUTNGvTNX�P
λ1(A

(k+1)
11;E ) =

p(e)

2
(2−

√
2), λ3(A

(k+1)
11;E ) =

p(e)

2
(2 +

√
2).

Ø*HJ~7daTN?gA�IBKLE7KLTNGDVBASXcP_KLVUT�XhKLPp]�T
Cev ≤ 6

rl?BA	AD?�VUTNX�PjKLP_VLEL?BP'XhELVLEBX�TNZLVBA	E
X�TNdfMjELX�TNZBVBA'MjAD�fMj?LGDP_VLE�WBELMjZUT�C[T�ZaASdaTNZLVLTN?UT�X�TN?LKLEL{LTBrUIBADZgbgWLTNGvTNXcP�AD{gPjVLdaTN?LT

κ
(
A

(k+1)
11

)
< 6(3 + 2

√
2).

�c�*��� �t���y�o���-���-��� �4���o�y�ª�q�q�Ô�ª�t���ª���Ä�'���������������9���
AMLI

�����n�c�-���	���=�

 ZBR_Pi�NKLEBWLVLEL}D?�XhVgADR[AiVBELGDASG�XcP_?BAj`8AD?8?LELI

AMLI
P�AN�DAD�iO+P_VLELP VUT�`eGfbgVBELGDASGDEL}

XcP_?BAj`�k ¡ T${gPjZL?UT�MjP�ILKLEBZUTNRiT'M_Z\Pu`eVUTN?UT'KLPjdDbaKLM_ELGDVUT'dNASVBM_?LKBbad\{LEL}��

C(1) = A(1) 


C[T
k = 1, 2, . . . , `− 1

C(k+1) =


 A

(k+1)
11 0

A
(k+1)
21 Ã(k)




 I A

(k+1)−1

11 A
(k+1)
12

0 I


 , ���S� k��  

d\He`aP_?BA
Ã(k)−1

=
[
I − pβ

(
C(k)−1

A(k)
)]
A(k)−1

.Ø�bad
pβ(t)

P	IBADZBELVBASX AD?zMj?BP_IBP_V
β
rc?LTNd\HnG�WLP

pβ(0) = 1
E

0 ≤ pβ(t) < 1
C[T

t ∈ (0, 1]
k � P_dgT

pβ(t) =
1 + Tβ

(
1 + α− 2t

1− α
)

1 + Tβ

(
1 + α

1− α
) ,

Ñ
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α ∈ (0, 1)

P6IBAj`LsDAj`e}fO+AzELCF�NKUTNVxIUTNKLTNXcPj?BHnKlr T
Tβ
P7IgADZLELVgASXhHn?wVUT

�9Pi�NE��'P_G�AD?	Mj?BP_IBP_V
β
k

� M_VBASGDP_V'KBPjC·bDZL?LTN?+G�?gPjASKLEL}D?LT�VLT
AMLI

XcP_?BAj`eEB?BP*P�MjZ\Pu`eGvTSO�TN?LT�?gPjASKLP_X�TBk
¦�§\¨g©ª§\«q¬Y­L®n¯����qÐe¸ 
N² µ[¹Q¾[Ãy¾[ºa¹'²7ºL²Yµ[ÐB²i¶a´SÀy²Nºa´iÁ@´�´�
^Í*¾^µ[¹Q¾[º Ãy¸^¶a´aºU¸^Í"ºL²
��¾^»i´���¾^½�¾�½�µ[´\¶B²'ºe¾ÎÀy²a½v¾[ºUµ[¹Q½v¸i¹Q¸

β2 >
1

1− γ2
,

¹Q¸�µ 
���¾^µ[¹Q½i¼\½N²
α ∈ (0, 1)


�¹'²NÐU¸v½N²�³e¾
AMLI

ÃNÀÄ¾^¸v»i¼\µ·¶U¸v½i´a¹Q¾·¶iÁU¹
C = C(`) ´Í3²N¹�ÀJ´aÏL²N¹'²qºL²qÐU¸·Ày²a½i´gºB²

A = A(`) µj²$µ[Ãy¾[Ða¹�Ày²i¶aºU¸�¾[ÐU½i´e½N²i¶U¾[ºa¹�ºa´ 
y¹'É°¾jÉl¸i¹�ºU¸iÅµ[´a¹Q¾·¶aºe¸i¹Q¸�³a´Uµ·¶U¸QºB²�¸v»i¼vµ·¶U¸v½v¾[ºe¸vµ[¹
κ (C−1A)

¾�¸f¿ Ày²Nºg´a³U¾[ºe¸�¸i¹ ÐU¸iºeµ[¹'²Nºa¹'²�

ÐU¸[ÁU¹Q¸'ºe¾ 
N²a½i´Uµ[´4¸i¹ »·ÀÄ¸[Á4ºL²QºU¾[´�
v½v¾^µ[¹�ºg´a¹Q¾

N
É

Ø*Hn~�daTN?gA
γ2 <

3

4

ry?gA�VBP_IBADM_KLPu`aMj?LGNPjVBA	M_ZaPu`aM_?LGDELP'AD?�M_?LKBbad\?BbaKUTN?UT	VUT8ILKLPF|
AD�ibgM_ZUTNGD}iO�TN?LTQX�TN?LKLEB{UT

C
E�AD?�R_ASKLVLTN?UT8?BP_ASKLPjX�T�PNryWLP

AMLI
TNZLR[AiKBEL?LHJXhHn?

ELX�T�ASIL?LELX�TfZLVUT�ELCFWLELM_ZLEL?BP_ZLVUT�MjZ\A^]�VBADM_? AN?BVBANMjVBA��fKLAD}�VUT4VgPjELCFGDP_Mj?gVLEL?BP
N
k

�9A � ?BA^WBVBALr�C[T�`aADM_?LELRiTNVBPQVUT�AD?gVBADM_EL?BP_ZLVUT�?gA^WLVBADM_? ε > 0
G4XcP_?BAj`JT:VUT�MjIBKLPjR |

VUTN?BEL}YRSKUTf`UELPjVL?xM�ILKLP_AD�fbaMjZLTNGD}DVgP6MjT `aADMj?UTf?LHnWBVLE
O(N log

1

ε
)
TNKLEB?LXcPj?BELWLVLE

ASIBP_KUTN{LELEyk
� ¬��y§���§��
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