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/10324/ 57698;:=<=6?>@6BADCFEG<=H�<JI�6D8;:=<=6D>16D>LK�CFEMIONQP�RD:)ND2
S9TVUXWZY\[^]=_`Tbac[�[dYfefgfhiefjfkMT,WZlMTbkfefjfkMT(UmTb_`TnjMTporq`o osTVlfefTVtfefuZkfkMTbhMTpvDuZlfacwrYfeilfuZobx
y Tiz y T y hiu|{dY}[~_GosTi�\UmT=_`Tb_\[dkMT�_M�r{�kMT�jMTV{dh f ∈ L2(Ω)

hfq`lf{�efa
u ∈ H1

0 (Ω)
z}hMT y uZosT

jf[
a(u, v) =

∫

Ω
fvdΩ,

UmT�or{�� y u v ∈ H1
0 (Ω),

y qG_\[dhiu
a(u, v) =

∫

Ω

2∑

i,j=1

pij
∂u

∂xi

∂v

∂xj
dΩ, u, v ∈ H1

0 (Ω).

�+w y a9TVhflieftMTVhMT�urh y ur[�v@eftfef[dkfhfefh�[ [aij]
[�{defac[�hilfefjfkMT	e�giuVY\un]�efh�[�Yfk�u�uZgfli[mx

_\[�Y}[dkMTi�9��liefYMTVW�TVac[�������e.giurY�w�jfTVosTVac[(_Gef{ y lf[dhikMTbhMT�UmTb_`TnjMT��chfq`lf{�efa uh ∈
V ⊂ H1

0 (Ω)
zfhMT y uZosT(ji[

a(uh, vh) =
∑

e∈T
ae(uh, vh) = (f, vh)

UmT oV{�� y u vh ∈ V, ���n� � �Z�
y qG_\[dhiu

ae(uh, vh) =
∫

e

2∑

i,j=1

pij(e)
∂uh
∂xi

∂vh
∂xj

de.

��[ y T�uVUmkfTZjiefa�{ T1
[~_GkfT�kfTZjfTVYfkMT�hflieMTVkfWnwrYfTVtfef��kMT

Ω
z y ur�rh�u�uZgfef{dosT�Wd[duZac[�hflie�x

�rhMT3kMT;ur�rYMTV{dhfhMTi�Z��[9gflf[~_MgiurYMTbWbTbac[Vz�jf[ y ur[dv1eftfei[�kfhfeihi[�kfT�WZlMTVkfeijfkMTVhMT;UmTb_`TnjMT
{�T y uZki{dhMTVkfhie.orq�o�or{�[ y e�urh�[dY}[�ac[dkfhfefh�[�urh T1

�@�;[ y T!urUXkMTnjfeia�{ V1 ⊂ H1
0 (Ω)aFkiun])[�{�hiorurhiu�uVh�kfT%jMTV{�hie�Yfefki[d�fkfefh�[�v9w\k y tfeieQzfurh�kiur{dkiu%hflieMTVkfWnwrYfTVtfef�rhfT T1

�
�)T y lMTV�ikiuZac[�likiurh�u(gilfur{�hilMTVki{dhforu V1

{dq�urhior[�h�{�hfosT�{def{�h�[�a9TVhMT urh	Yfefk�[��fkie!TVY\x
Wm[b�blfefjfkfe�w\lMTVork�[�kfef�

A(1)u(1) = f (1).

� T,_`T	kMTVac[dlfefa�jief{�Y}[�k�u!lf[d  [�kfef[ {%_\ur{dhMTVhfq`jfkMT	hiunjfk�ur{�h�gfliefYMTVW�TVac[ {dW�q`{�hi�bx
osTVk�[	kMT¡aFlf[^]�TVhfTi�9�3T y T¡giuVYiw\jMTVosTVa1[�hilfeMTVkfWnwVYMTVtfefeihi[ T1 ⊂ T2 ⊂ . . . ⊂ T`

�
�+w y Tk+1

{d[�g�urYiw\jMTVorT%giur{dlf[~_\{�hfoVu�a¢_\ur�sTVor�Vki[�kMT%{dlf[~_Gkfeihi[�urhi{d[�j y e�orq�o�oV{�[ y e
[�Y}[dac[�kfh

e ∈ Tk
�9£�Y}[~_\uZosTVh�[�Yfk�u¡or{d[ y e¤hflfefq`WZq�Yikfe y urh¤g�ub¥¦WZliw\�sTVhfT§aFlf[^]�T�{d[



lMTVU^_\[dYf��kMT%jf[dhfeflfe�[~_GkMT y ore	hfliefq�WZq`Yfkfe y T urh�giu�¥¦v1eikMTVhMT|aFli[^]|T�z y uZefh�u {�T%giu�x
_\ur�bkfe�kfT(efU��ru�_Gkfef� � orei]���efW}��� � �`£ hflfeMTbkfWnwrYMTVtiefefhi[ {Tk}`k=1

{�T,TV{durtfefeflfTVkfe
y lMTV�fk�ur[�Y}[dac[�kfh�kfefh�[pgfliur{�hflfTVki{dhfosT V1 ⊂ V2 ⊂ . . . V`

e�{�q`urhfoV[�hikiefhi[ a9TVhflieftfe
kMT y uZlMTborefkMT A(1), A(2), . . . , A(`) � �!Tbhflfeftfeihi[ kMT y uZlMTVoVefkMT A(k) {�T�gfli[�{�a1[�hikfT�xhfe�urhik�ur{�k�u�{�hMTbki_`TVlih�kfef����TbW�lfTVki]�[do orq�UXY}uZo �sTVUXef{V�f�)TV pTVhMT y lMTV�fkfT t�[�Y�[�_`T
lf[d pefa {�ef{dhi[da9TVhMT orq�l��\w	kMTV�\¥¦v1eikMTVhMT%aFlf[^]�TizGhQ� [V�

A(`)u(`) = f (`).

�+w y
	 [ y uZkfti[dkfhflfeilMTVac[={dorur[�h�u%orkfeia9TVkfef[�oVq�l��\w (k+ 1)
¥¦oruVhiu|kieforuf����[ y T�lMTVU^x

WZY}[~_`TVac[=lMTbU _\[dYf�rk�[)kMT%orq`UXYfefh�[
N(k+1) urh Tk+1

kMT�_Gor[)giu�_GaFk�uZ])[�{dhfosTi�
N(k+1) \

N(k) e N(k) � � TVgief{�osTbac[�a9TVhflfeftfTVhMT A(k+1) o �rY}unjf[�k�ore�_

A(k+1) =


 A

(k+1)
11 A

(k+1)
12

A(k+1)
21 A(k+1)

22


 , ���n� ��� �

y qG_\[dhiu	gfq`lforef�Vh�_MeMTVWmu�kfTVY}[�k��rY}u y A(k+1)
11

{dq�uVhfor[�h�{�osT�kfT	oVq�UXYfefh�[%urh
N(k+1) \

N(k) z@T!oVh�u�lief�rh�_MeMTVWmu�kfTVY}[�k¤�rY}u y A(k+1)
22

kMT�ur{�hMTbkMTVYfefh�[Vz hQ� [V�1kfT!orq`UmYiefhi[purh
N(k) ���[ y T=urUXkMTnjfefa¡{ Φ(k+1) = {φ(k+1)

i }N(k+1)

i=1

{dhMTVki_`Tblihikief��oVq�UXY}uZo��rTVUXef{OUmT
Vk+1

�
� [dlMTVl���efjfkfei�rh�_GoVw\kfeioruZop�sTbUmei{={�[�_\[�v@efkfeflMT�z y T y h�up{dY}[~_GosTi�

Φ̃(k+1) = {φ̃(k+1)
i }N(k+1)

i=1

= {φ(k+1)
r

z
r
{dq�urhior[�h�{�hfosTbh�kMT

N(k+1) \N(k)} ∪ {φ(k)
i }N

(k)

i=1£L_Gl�w�WZe7_Mw\aFeQz3�sTVUXef{�kiefhi[�vFw\k y tfefe urh7gfq�lioref�¢�rY}u y zO{dq�urhior[�h�{�osT 	 e kMT
orq`UXYfefhi[�urh

N(k+1) \ N(k) uV{�hMTVorTVh�k�[�gflfuZac[dki[dkfeQz+T�oVh�u�lief�rh��VY\u y [!�rTVUXef{�q`h
Φ(k) z9{dq�urhior[�h�{�hfosT 	 kfT¡giu�¥¦WZliw\�sTVhMT�hflfefTVkfWnwrYMTbtfef� Tk �D�)T��efW}� � [�giu y TVUmTVk{�hfTVki_`TVl�hi[�k

(a)
e¢_MoVw\kfeforuZo

(b)
�sTVUXef{	UmT�[~_Geik�a9T y lfur[dY}[�ac[dkfh o�[~_GkiuZac[dlfkfef�

{�Y�w�jfTV�!gflie�Yfeiki[��ikfe y lMTV�ikfe�[dY}[�ac[dkfhfeQ�
�3T y T�_\[dv1efkfeilMTVkfef�Vh	_Gobw�kieforuZop�rTVUXef{={�[�gflf[d{�aF�rhfTpgiu vDuZlfacwrYMTbhMT

Φ̃(k+1) = J (k+1)Φ(k+1), J (k+1) =


 I

J
(k+1)
21 I


 .

�+w y a9TVhflfeftfTVhMT J (k+1)
21

[D{�eiYfkiu�lMTVUXlf[~_\[�kfT � gilfuZor[�lf[dhi[?ki[��ikfef�)�Vor[�k�ore�_�UmT3[~_Gkiu�xac[dlfkMTVhMT�UdTb_GTZjfT � zVT y T y hiu=kMTbor{�� y qM_\[+o�efUXY}un]�[dkfef[�h�ufz I [�[~_GefkfefjikMTVhMT�a9TVhilfeftMT{�q`{�{�q`WZYMTV{dw\osTbkMT({�ur{dhMTVkMTbYfefhi[��rY}u y uZor[ � a9Tbhflfeftfe � lMTbUma1[�lfk�ur{�hQ�
�



1 2 3 12 3

φ φ φ φ φ φ
1 2 3 12 3

~ ~ ~

(a) (b)

��eiWZw\lMT � � (a)
{dhMTVki_`Tblihi[dk��rTVUXef{��

(b)
_MoVw\kfeforuZo(�sTVUXef{V�

�!TVhflfeitMTVhMT=kMT y uZlMTborefkMTizsgilf[�{dac[�h�kMTVhMT=urh�kiur{dkiu)_GoVw\kfeioruZoref���sTVUXef{+urUXkMTnjMTZx
osTVa1[={

Ã(k+1) �
Ã(k+1) =


 Ã

(k+1)
11 Ã

(k+1)
12

Ã
(k+1)
21 Ã

(k+1)
22


 . ���n� ��� �

�����
	�������
������������������� �!�#"�$�%&�&'("*)��&+,�#���.-0/.��' ��-0"213$�45-6��'879�&:
�&'(";%��=<#/,>
7?�&+,�&%@�,A*B�7C"D�!-0"�' %���' �E/,' %F/.��%#/G��'H��%�$.��79'("�%I�E$&+,4,%
�#+./.+GJ��,),�F��K

(a)

Ã(k+1)
11 = A(k+1)

11 , Ã(k+1)
22 = A(k);

(b) L /,B?MC�&%#"�%
�#"�'(/N%���OP4Q7R%F"5�D"0B�7C/D-0"�%,STB�79� B�7C"VU
/�$�/,'W��'H��%@$.��79'("�%X<#MC-Y "Z7?��7
U[�
\#"�%]J��,),�F��^
_§u y TcU�TchO[QYO{QhOoFuf� �Oorq`l�_\[�kief[ (a)

kMT,h�[�uZlf[�a9TbhMT�{�Y}[~_GosT�k�[�g�ur{�lf[~_\{dhfor[dkiu	urh
_\[�v@efkfeftief�rhMT	kMT�_GoVw\kfeforuZorei���sTbUmei{V� � T,_`T�_\u y T�]�[�a (b) 	

[�efUXgiurYfUXosTbac[%vDu�l\x
acwrYfTVhMT%UmT|{�aF�VkMT|kMT|�rTVUXef{�Ti�
`�lMTbUmWZY}[^]=_`TVkfei��{�Yiw\jMTV��hi�%{�[�UmTVgief{�osT�orq�o�ore�_`T��

Ã(k+1) = J (k+1)A(k+1)J (k+1)T .

£�Y}[~_\uZosTVhi[dYfkiu

Ã(k+1) =




A
(k+1)
11 A

(k+1)
11 J

(k+1)
12 + A

(k+1)
12

J
(k+1)
21 A

(k+1)
11 + A

(k+1)
21

J
(k+1)
21 A

(k+1)
11 J

(k+1)
12 + J

(k+1)
21 A

(k+1)
12

+A
(k+1)
21 J

(k+1)
12 + A

(k+1)
22


 ,

�



y qG_\[dhiu J (k+1)
12 = J

(k+1)
21

T ����h	giur{dY}[~_Gkiurh�uplfTVor[�k�{�hfoVupg�urYiw\jMTVosTbac[Vzfji[
S̃(k+1) = J

(k+1)
21 A

(k+1)
11 J

(k+1)
12 + J

(k+1)
21 A

(k+1)
12 + A

(k+1)
21 J

(k+1)
12 + A

(k+1)
22

−(J
(k+1)
21 A

(k+1)
11 + A

(k+1)
21 )A

(k+1)
11

−1
(A

(k+1)
11 J

(k+1)
12 + A

(k+1)
12 )

= A
(k+1)
22 − A(k+1)

21 A
(k+1)
11

−1
A

(k+1)
12

= S(k+1).

£ h�uZosT�hi[�uZlf[da9TVhMT [�_\u y TVUmTVkfTi�
�=h�w\{�Y}uZoref[

(a)
kMT�h�[�uZlf[�a9TbhMTp{dY\[~_MosT(gilf[~_\{�hMTbor�rki[dhiuf�

Ã(k+1) =


 A

(k+1)
11 Ã

(k+1)
12

Ã(k+1)
21 A(k)


 . ���n� ��� �

�!TVhflfeitfefhi[�kMT y u�lfTVorefkMT A(k+1) e Ã(k+1) a1urW�TVh�_`T�{�[�TV{�[dac�rYfeilMTVh�urh	a9T y xlfur[dY}[�ac[dkfhikfeihi[%a9TVhilfeftfe§kfT y uZlMTborefkMT,uVhikiuV{�kiu(hflfeiq�WZq`Yfkfeftfeihi[ E ∈ Tk+1

giu�x
Yiw\jf[dkfe�gflfe%lfTVU^_\[�Yf�rk�[?kfT��)k�uZore|hfliefq�WZq`Yfkfe y T�kMT e ∈ Tk �Z�O[�efa9Tbh%TVkMTbY\uVW�eijfkMT
2× 2

�rY}unjfkMT {�hfl�w y hiw\lMTpe�{doruZ�f{�hiosTizMhQ� [V� �

A
(k+1)
E =


 A

(k+1)
11;E A

(k+1)
12;E

A
(k+1)
21;E A

(k+1)
22;E


 , ���n� ��� �

Ã
(k+1)
E =


 A

(k+1)
11;E Ã

(k+1)
12;E

Ã
(k+1)
21;E A(k)

e


 . ���n� � �s�

�+w y or{�[ y e�urh	�rY}u y uZor[dhi[�[={�lMTVUXac[�likiur{dh 3× 3
z y TVh�u(a1uZ])[�a._`T�{�e�aFef{�YiefaOzMjf[

kiuZac[dlMTVtfei�rhMT {�q`urhfor[dhi{�hiosT(kfT
��efW}� ���

1

23

4

5 6

e
E

2 3

1

��efWnw�lfT ���OS9TVoVkiuZac[�likiu¤{�WZq`{�hf�rorTVki[�kMT¤aFlf[^]�TVhMTi�3�;uZac[�lMTbtfef�¢kMT.orq�UXYfeihi[�o
a9T y lfur[dY}[�ac[dkfhQ�

�



/1032�� � >��;C1P�:=C >���N :��;C�:=C��?>@:)H
	)CF:�	)C�	�C 6 8;H <)P)N :�>	3> :)N��
K�CF6DN :)H
	)6D>B:=C������ 2

��[ y T gilfur{�hilMTVki{dhfosTVhfT W1
e
W2

{dq�uVhfor[�h�{�hforTVh�kMT�_GoVw\kfeioruZorurhiu��VY\unjikiu%gfli[~_\{mx
hMTVoV�rki[�kMTpa9TbhflfeftMTbhMT,kMT y uZlMTVoreikMTiz`gflf[�{dac[�h�kMTVhMTpurhik�ur{�k�up�f[dlMTVl���efjfkfei��_MoVwsx
kfefoVu�o��sTVUXef{b�}��[ y T�urUXkMTnjfefa¡{ W h

1

e
W h

2

gflfur{dhflMTVk�{�hforTVhMT�uVh y lMTV�ikiur[dY\[dac[�kihikfe
vFw\k y tfefeQz`{�q`urhfor[dhi{dhfosT 	 e!kMT(or[ y h�u�liefhi[�urh W1

e
W2

� � T y uZki{dhMTVkfhMTbhMT,opw\{de�x
Y}[�k�urhiu(ki[dlMTVor[dki{�hiorupkfT(����� [�o({defYMT [ y oreforTVY}[�kfh�kiurh�upgfli[~_\{�hMTVoV�rki[

γ2 = sup
vhi ∈Wh

i , i=1,2

[a(vh1 , v
h
2 )]2

a(vh1 , v
h
1 ) a(vh2 , v

h
2 )
.

�+w y {�ac[�urhijf[�Yfe z`ji[�a9TbhflfeftMTbhMT(kfT y u�lfTVorefkMT kMT�[�YiefgfhfefjikMTVhMT,UmTb_`TnjMT�[�giuVY\u�x
]�efhi[dYfkiupuZgflf[~_\[�Y}[dkMTi� ��Tpa9T y lfur[dY}[�ac[dkfhikfeihi[%a9TVhilfeftfe§kfT y uZlMTborefkMT({�q`urhfor[dh�x
{�hiosTVh§Y}u y TVYfkfe y uZk�{�hMTVkihfe γE o,w\{�efY}[dkiurh�u�ki[�lfTVor[�k�{�hfoVu�kMT�������zGUmT y uZefh�u�[o {�efYfTplMTVoV[�ki{dhforurh�u

γ2
E = sup

vhi ∈Wh
i , v

h
2 |E
6=const

[aE(vh1 , v
h
2 )]2

aE(vh1 , v
h
1 ) aE(vh2 , v

h
2 )
,

y qG_\[dhiu
aE(u, v) =

∫

E

2∑

i,j=1

pij
∂u

∂xi

∂v

∂xj
dE.

�+w y [posTb]�kiu	_`T�uVhf�s[�Y}[^]�efaOz1ji[�a9T y lfur[dY\[dac[�kihikMTVhfT!a9TVhflfeitMT!kMT y uZlMTVorefkfT![
o¤ur� 	 ef��{dYiw\jMTV� giurY}un]�efhi[dYfkiu¤g�urYiw\uZgflf[~_\[�Y}[dkMTiz y Tbhiu.�b_Gliurhiu¤{�[�{dq�{dhiuZe urh
y uZk�{�hMTVkihfefhi[b� `�{dhMTVki_`TVl�hi[dk�orq`UXY\uZo	�sTVUXef{�kfT y u�k�{�hMTbkfhikMT�vFw�k y tief�	{�q`urhfor[dh�x
{�hiosT y uZki{dhMTVkfh�[�k¢or[ y hiuZl¤urh¤orq`UXY\uZore¤gMTblMTVac[dhflfeQ� ��jf[dore�_Gk�u�UdT�_MoVw\kfeforuZorurh�u
lMTVU^_\[dYf�rki[�uVhikiuV{�kiu�_GoVw\kfeforuZorei���rTVUXef{�[�o�{�eiYMT§w�{dY}u�oVef[�h�ufzFjf[	T y u


 v1

v2


 ∈

N (Ã
(k+1)
E ),

hiu
v2
gfliefkMTb_GY}[^]�e!kMT �b_Gliurhiu

N (Ã
(k+1)
E;22 ) = N (A(k)

e ).

�=w�ki_GTVac[�kihMTVYfk�u)UXkMTnjf[�kief[9UdT�_Gobw�kieforuZorefh�[Da1[�hiu�_Me�UmTOgflf[dur�bw\{dYMTVor�rk�[9efa9TO{�Y}[~_fx
osT 	 TVhMT%h�[�uZlf[da9Ti�

�



�����
	�������
������� �#/.J��,�&%���'H� <#/,%F��'H��%&'H�=+ 4.�����#"�%#/,'(/ %#"Z7?�&+."�%F��'(+./ %������;O�A
�DM /,'(+."�'(��'(+��	��� %��=$&+,4,%&�F+./.+./ 7?�,)�$&"!�,S#%#" %��8-6��'879�&:���'H�5%@�N<#/!7?�&+,�
%��,A9B�7C"D��>
-0"�' %���'H� /,' %F/.��%#/ Y "Z7?��7
U[�
\#"�% $&+,4,%
�#+./.+ J��,),�#�]�D"]/,:F"�%,S?+�� �IB?/D-0/
��'H� %@�
�#/,<��,�&%
�&'("=<F/,%#��'H��%&' ��A*<���'(/R" +R���.���(%F"Z7?�&+."�%#��'(+./,'(/

γ ≤ max
E∈Tk+1

γE.

_§u y TcU�TchO[QYO{QhOoFuf�

|a(v1, v2)| ≤
∑

E∈Tk+1

|aE(v1, v2)|

≤
∑

E∈Tk+1

γE
√
aE(v1, v1)

√
aE(v2, v2)

≤ max
E∈Tk+1

γE
∑

E∈Tk+1

√
aE(v1, v1)

√
aE(v2, v2)

≤ max
E∈Tk+1

γE

√ ∑

E∈Tk+1

aE(v1, v1)
√ ∑

E∈Tk+1

aE(v2, v2)

≤ max
E∈Tk+1

γE
√
a(v1, v1)

√
a(v2, v2),

{ y ur[dhiu(hi[du�li[�a9TVhMT [�_\u y TbUdTbkMTi�
`+Tb]�kiu�[�_GT�urhf�s[�Y}[^]�efaOzsjf[OY}u y TVYfkfeihi[ y uZki{dhMTVkfhie γE ki[OUmTVoVef{��rh�uVh�kfeforurh�ukMT,{dWZq�hf�VosTVki[�kMT(aFlf[^]�TVhMTiz Tp{�Tbacu,urh �iTVlMT y hi[dlfef{dhfe y efhi[ urh�kiur{dkiu(kMTnjMTVYfkfTVhMT

hflfefTVkfWnwrYMTbtfef�f���Ou�orT�[;hMT y Tiz}UmT 	 urhiu y ur[�v@eftfef[dkfhfefh�[�kMT�UdTb_GTZjfTVhMT�{�T y u�k�{�hMTbk�x
hfe�orq`l �\w�or{d[ y e�[dY}[�ac[dkfh�urh T1

z T�[dY\[dac[�kihfefhi[purh�{�Y}[~_GosT 	 efh�[ Tk {�T�giu�_\ur�bkfekMT hflfefq`WZq�Yikfeftfefh�[�uVh T1

�
`�UmT y Y���jf[�kief[ 	 [Fg�u y Tb])[�aOz y T y kfT;gflfT y hfe y T�acuVWbTbh)_`T;�VqG_`Tbh�gilf[�{dac[�h�kMTVhfe

Y}u y TbYfkfefh�[ y uZki{dhMTVkfhfe γE �b�Oq�� y TVh�u y uZki{dhMTVkfhfTVhMT�o�w\{�efY}[dkiurh�u=ki[�lfTVor[�k�{�hfoVu=kMT����� [�aFefkiefa9TVYfkMTbhMT(oVq�UXacun]�kMTiz�UdT y ur�rhiu([�o {�efYMT ki[dlMTVor[dki{dhforurh�u

1− γ2
E ≤

vT
2 S̃Ev2

v2
TAev2

, ���n� �� �
hiu

(1− γ2
E)
[|aFefkfeia9TVYfkiuVhiu�{dur�V{dhfor[�k�u,jfei{�Y}u�kMT,ur�Vur� 	 [�kfTVhMT {�gi[ y hflMTVYfkfT	UmT�x

_`TnjMT
S̃Ev2 = µAev2, vT

2 6= (1, 1, 1). �4�n� ��� �
�
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3

��efWnw�lfTT�i�`��u�_\[�YfkMT UmTb_`TnjMT�orq`l �\w	lMTborkiuZac[dlfkMT�gflMTVoVurq�WZq`YfkMT aFlf[^]�Ti�
�+w y ki[=UmTVgief{�osTbac[�Wmu�likfefhi[�efki_\[ y {deQzGhfq�� y TVh�u(UmTb_`TnjMTbhMT%kMT�UmTVoref{de�urh	kfeforurh�u
kMT {�WZq`{�hf�rorTVki[b�
� 	�� �8��	 � ��[ y T�lMTVUXWZY\[~_GTVac[�acu�_\[dYfkMT,UmTb_`TnjMTiz`{�q`urhfoV[�hi{dosT 	 T,kMT,�befYfefk�[��fkfTVhMT
vDu�lia9T

a(u, v) =
∫

Ω
p(T )

(
∂u

∂x1

∂v

∂x1

+
∂u

∂x2

∂v

∂x2

)
dΩ.

��[ y T Ω
[+gilMTVorurq`WZq�Y}[dk�giurYfeiWduZkQzbe�ki[ y T T1

[+lfTVorkiuZac[dlfkMT)hilfeMTVkfWnwVYMTVtfef�iz y ur�rh�u
{�[�{�q`{�h�uZe!urh�lMTVork�ur�s[~_Glf[dkfe!gflfTVorurq`WZq�Yfkie!hflfeiq�WZq`Yfkfeftfe z�{ y TVhi[dhfe�w\{dgiuZlf[~_Gkfe
kMT y uruZl�_GefkMTbhikfefh�[�ur{�eQ�f��T y h�u%e	o�ur� 	 ef��{�Yiw\jMTV� zMgflf[~_Gg�urYMTVW�TVac[=ji[ y ur[dv1eftie�x
[�kihfq�h

p(x1, x2) = p(T )
[ y uZk�{�hMTVkihMTporq`l��\w�oV{�[ y e§uVh�[dY\[dac[�kihfefhi[ T ∈ T1

���;lfe
hi[dUXe%gflf[~_Gg�urY}un]�[�kief�=Y}u y TVYikMTVhMT y uZki{�hfTVkfhMT�o;w�{defY}[�k�urhiu�k�[�lMTbor[�k�{�hforu)kMT)�����
[�[~_Gefki{dhfor[dkMTpe�{�[�gflf[d{�aF�rhMT(urhik�ur{�k�upa9T y liur[�Y}[�a1[�kfh�kMTpe�[�Y}[�a1[�kfh�kMT,a9TVhflieftfe
kMT y uZlMTVoVefkMT � orei] ��eiW\�F� � z y uZefh�upeia9TVh�{dY}[~_Gkfef�p�ror[�k�ore�_ �

Ae =
p(e)

2




2 −1 −1

−1 1 0

−1 0 1


 AE =

p(e)

2




4 −2 −2 0 0 0

−2 4 0 −1 0 −1

−2 0 4 −1 −1 0

0 −1 −1 2 0 0

0 0 −1 0 1 0

0 −1 0 0 0 1




S̃E =
p(e)
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8 −4 −4

−4 5 −1

−4 −1 5








�3T y TizMlMTbUmWZY}[^]=_`TVkMTbhMT(UmTb_`TnjMT �4��� ��� � {�[�{�or[^]=_`T%_\u w�lfTVorki[dkfef[dhiu
∣∣∣∣∣∣

5− 8µ −1

−1 5− 8µ

∣∣∣∣∣∣
= 0.

£�Y}[~_\uZosTVhi[dYfkiu
1− γ2

E = µ1 = 1/2
zfhQ� [V�

γ2
E = 1/2

zfh � [b�

γ2 ≤ 1

2
.

`7ur� 	 ef��{�Y�w�jfTV��[�o({�efYfT({dY\[~_MkMTVhMT(hi[�uZlf[da9Ti�
�����
	�������
�������*79� %�� Y�� /.J
��� B�7C"�$�B?/D�#/ 1 "�%&� S )��]'879�FM�� MC�&%&�
:&�&'("E/,' %���>
\��,�&%@��'H�X-C7C"213� T1

�G)�� <F/."	� �&:&�F"�%&' %@��'H� -6��'879�
:��
[pij]

"X+T������� /,:#"�%&<@��'H�

γ2 ≤ 3

4
. ���n� ��
 �

� �?��� ������ �
�������;:#"�%
<���'H��������^��	� "87?�&+,%#/D-0"Z79%��,A6<���<&'(/E/,' %#/.��%F/=7?�,)D-0"Z79>
%#/.��' 'H� %@�]$��#��<D7C"�' %@��'H�R)��.$.��\@���VJ!7C/�S %@�E%&�F+���'H�I%@� � � M ��'�S?+���%#" %�� -C7C"�>
13��'H�	�=� +.MC)D-0/ 1 %&� ��<#/,<#/.+."8%��X<F/."	� �&:&�F"�%&' �
'("

[pij]
A 'H��<��X� /,' %#/.��%F/=B�7C/,>

�.).+./D�&%@�H-C7C"21 /.+�� ���&�I<F/."	� �&:&�F"�%&' %@� ��%&��)./,'87C/,B#�,S9^

� �?��� ������ �
����� �W7?�,)!�2�#"�$.��%
�,S�B�79��-0"Z7 7C"�$�4,:
�D7?�,-0" /.J./.J
� "�%���'H� ��B?"�<&' >
7?�,�&%��=)��.$.��\@�H/,'

3×3
$&/

2×2
A <���'(/ /,' \&�
'H�,-0"!A \#"5'879�F+,���,�&%#/,'(/07C"	" "�%&�F"!A

�DM /,'(+."�'(��'(+��	� / %��(<F/,%#��'H��%
'("�% �D/.J.��'(+."�% +."�<&'(/!7 �D"=��),<.��#0\#+��.^
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