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cMdfehg
V1 i V2 j g+elkmg[nporqts<dfkpo i$u dvelwrqtkpo i%x kpq j wpkmgyo j w u grz W = V1 × V2 i ordfe{g

A =


 A11 A12

A21 A22


 ,

el|~}hdfwrq ���lq�e[q u dvw{d%omg�sagywpk ip� gywmg j g j |��t�mg j��{u gyo i�x q�kmgy��s<dvkrorq j w j V1 i V2 ��Mkrd�} x q��pgy��gys<dyzr�pd A d jvi s_dvwpk i �pomg i5x q��lq�� i wrdf�porq x qy� � q x kpd�}hdv�ldvopg�sagywpk ip� g
j o{dvq j q���dvo����lq�e A11 i�j �hd�}hq u g[wrdv�rorq A11

d x qy�hq�� i w{dv�po{q�q x kpd�}hdf�hdfomg � c"dvehg
x kpq j wpkmg[o j w u gywmg W1 i W2 j g8}hdv� i o i kmg[o i zmehgyelwrq j �ld�} u g{�

W1 =



v =


 v1

0


 ,v1 ∈ V1



 ,W2 =



v =


 0

v2


 ,v2 ∈ V2



 .

cMdfehg
γ
d�s i o i sagy�pomg[wmg x qy�hq�� i w{dv�pomg�eyqto j wmgyopwmg{z � }hq u �ldvw u qtkp� u g���g���g u�j dfe iordfo � �ld u�i wi ∈ Wi

z
i = 1, 2

z{ordvkpg u dvo j w u q�wrq

|w1
TAw2| ≤ γ{w1

TAw1 w2
TAw2}1/2. ���t� � �t�

�SgyehgM}hdv� i o i kpgyomgywmgMeyqto j wmgyopwmg γ � gykmg[ehw{dvk i � i kmg&���lq��porqywrq�kpgy��}hdv�p��o{d�omg�sag[w{�k ip� gywmg A i ��dvqts<dvwrk i �po{q j d i opw{dvk x kpdvw i kmgrz>ehgywrq�eyq jfi o �hj omg\gy� j wpkmgyelw{o i �|���|��5s<d��*} � W1 i W2
q�w{orq j orq j ehgy�mgykpo{q�wrq x kpq i � u d�}hdvo i d x qtkpqv}hdvo{q8q�w A �r  eyq

A
d x q��lq�� i wrdf�porq4q x kpd�}hdv�ldfomgrz��hd j o{q¡s<q��&d�}~g j d*}hqtehg[��dyz~�pd γ < 1 �~¢ qy�[g[wrq Ad4q j q���dfomgrz j d4omgy�pgy��g5}�g j d i � j �ld�} u g[w£�[}~kmg[wmg�opg A i Aii z i = 1, 2 �F¤¥jvx d �pi �gy� i � i kmgyomgywpg¡� i w{dvkmgyw � kpg ���t� � �t� d i � u d j wro{qpz0ehgyw{q �hjvi �ldforq�w{q5ordvkpg u dvo j w u q5omg

¢ qt¦ i{§©¨R� op��e[q uyj e i{§�ª«u g[k � � ¢I¨�ª � �¬ w����lq��porqywrq x kpd�} j wmg u ��ordMomg A j �ld�} u g{z{�pd �?�t� � �t� d"dve u�ipu g[�hdfopwro{q�omg�o{dvkmgt�
u dfo j w u q�wrq

|v1
TA12v2| ≤ γ{v1

TA11v1 v2
TA22v2}1/2 �?��� �®­ ���g u�j dfe i ordfo � �ld uyi vi ∈ Vi

z
i = 1, 2 �
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(a) γ ≤ 1 B

(b) γ = 1 C ���D$E!&FG(6�&!�*H@)I2@��J@2���
*H$K�  v1

v2


 ∈ N (A), L �M�D$)NO*H$

v2
�D�P#��Q�
R

� �2�)7D�TS.�"����UQ����$)*H$ N (A22) B

(c) γ < 1 C ���D$ L �"@2!&���
�V@2���
*H$K�  v1

v2


 ∈ N (A) C v2 ∈ N (A22) B

(d) W �D$��6@�!���7 �,I2!K7D$2@)�D�
(c) C

γ = sup
vi∈Vi\N (Aii), i=1,2

v1
TA12v2

{v1
TA11v1 v2

TA22v2}1/2
. ���t� �YX �

Z ;=FGN[����*H$�#�$\#����]��#�$&7D$?S8���
�^�
A11

�8#�$&7D$?S.�O*H�K7
�D$_$)#����]�
�K7D��� � C *H$
N (A11) = {0} 3 `

a�qHeRg<�0g<w>d � j w u q � cMdfehg w =


 v1

v2


 z el|m}hdvw{q v1,v2 6= 0 � �>|0n«ehgyw{q A d

jvi s<dvwpk i �pomg i%x q��lqt� i w{dv�po{q x q�� � q x kpd�}hdf�hdfomgrz�wrq wTAw ≥ 0 i%j �ld�}hq u gywrdf�porq
v1

TA11v1 + v2
TA22v2 + 2v1

TA12v2 ≥ 0. ���t� �cb �
cMdfehg

γ(v1,v2)
dReyqto j wmgyopwmg[wmgrz j |0qyw u dvw j w u g��5gSomg u dvelwrqtk i w{d v1,v2 � ¬ �rd u�i }morq

γ(v1,v2) = γ(αv1, βv2)
z7�fg u�j dve i α, β 6= 0 ��d �hd�}hq u g[wrdv�rorq uyi omgy� i s<q��&dfs }�g

x kpd�} x q��mg[�[g[s<dyz��rd u dvelwrqtk i wrd j g x qv} � qv}~���¡q j ehgy� i kpgyo i z x k i eyq�dfwrq j w{q�nrorq j wpwmgomg
γ
q j wmg u g+o{d x krq�s_dvordfomg �cMdvehg>kmgy���t�ld�}�gys<daomg[n § omg x kpd�} j � � �mg��pzteyqy�[g[wrq v2

dHwmgyeyq u g{z��pd v2
TA22v2 6= 0 ��>|�n ehgyw{q

A11
d x q �{j �lq uyi d x q��lq�� i wrdf�porq	q x kpd�}hdf�hdfomgrzOw{q5s<q��&dvs }�g i ����dfkpdvs

v1
wmgyehgrzm�pd

v1
TA11v1 = v2

TA22v2 �De gys<d j w u gys_d u ���t� �cb � i�x q�� � �mg u gys<d
|v1

TA12v2| ≤ v1
TA11v1

i�j �ld�}hq u gywrdf�porq γ(v1,v2) ≤ 1 �
  eyq v2

dIwmgyeyq u g{zm�pd v2
TA22v2 = 0

zmwrq+ordfe{g
v1 = τ v̂1 � �>qy�[g u g

τ v̂T1A11v̂1 + 2v̂T1A12v2 ≥ 0.

­



�>|�n%ehgyw{q�w{q u g+d u4jvi �mg4��g u�j ��eyq τ > 0
zmw{q+q��pd u�i }~orq

v̂T1A12v2 ≥ 0.

  e[q+}hq xr�hj ordvs>z~�pd A12v2 6= 0 i�i ����dvkrdvs v̂1 = −A12v2
z{��d x q�� � � i s

−||A12v2|| ≥ 0

i�j �ld�}hq u gywrdf�porq
v2

TA22v2 = 0 ==> A12v2 = 0, ���t� � ���
w � d � o{dvkmg u dvo j w u qywrq�omg ¢I¨�ª d i � x |0�rordvo{q���g u ����eyq γ ��d wrq u g �hj �hq u�i d (a)

d
}hqtehgy��gyorq �cMdvehg

Aw 6= 0 � �>q���g u g u ���t� �cb � ordfkmg u dfo j w u q�w{q d j wpkpq���q i j �ld�}hq u gywrdf�porq
γ < 1 �cMdvehg j |m��d j w uy�hu g u dvelwrqtk


 v1

v2


 ∈ N (A),

��g�eyqtnpw{q
v2
ord x k i omg[}~�ld�� i omg

�[}~krq�wrq N (A22) ��� ��� i kmgys<d v1
wmgyehgrz7�rd

v1
TA11v1 = v2

TA22v2 ��e g[s<d j w u gys<d u
�?��� �Yb � i%x q�� � �mg u g[s<d

−v1
TA12v2 = v1

TA11v1

i�j �ld�}hq u gywrdf�porq γ(v1,v2) = 1 �Qd wrq u g�w u |�k{}hdfo i d (b)
d&}hq�ehgy��gyo{q �cMdvehg*d uIjvi �pg �hj �hq u�i dvwrq�q�w�w u |�k{}hdfo i d (c)

z[w � d � gyeyq Aw = 0
z�w{q

A22v2 = 0 ��>q���g u g�q�w �?��� � �y� i ���t� �cb � j �ld�} u grz{�pd A11v1 = 0 � �>|�n�ehgyw{q A11

d x q��lq�� i wrdv�rorqq x kpd�}hdf�hdfomgrzOw{q v1 = 0 ��d �ld�}hq u gywrdf�porq5w{q�� i�j � � �pgyn j d i ��el���M� u g x k i�i � j �ld�}p�
u gyo{dMopg�eyqto j wmgyorwmgywmg u��{jfi �ldvo{q�wrq8o{dvkmg u dvo j w u q�omg ¢I¨�ª z j eyq�dfwrq j gI}hqtehgy��gyo iw u |�k{}hdfo i � (c) i (d) �
���������
	���� �������

A
� !��2%'��* �Q���O� �+�M#�$&7D$?S.�
*H�K7
�D$�#�$&7
I2$)#����]�
�K7D��� ��% ��* �Q�
R

� � !6#�$&7D$?S.�
*H�K7
�D$ $)#����]�
�K7D���
	&7D$)�
A11

3=� ��� � $2!&@2��� *H$2@�� C ���^$ Aw = 0
*H$

A22v2 = 0 C �DF �
��*H$
w =


 v1

v2


 3<;=$?>��
@��2A

(a)

γ2 = sup
v2∈V2\N (A22)

v2
TA21A

−1
11 A12v2

v2
TA22v2

; ���t� ��� �

X



(b)

1− γ2 ≤ v2
TSv2

v2
TA22v2

≤ 1, ���t� ��� �
�DF �
��*H$ �D� ���
@2���^!�*H@���*+�M!]�H*H$ �O�
��3

a�qHeRg<�0g<w>d � j w u q � ¬ w�w u |�k{}hdfo i d (d)
omg x kpd�} � qv}~omg[wmg��ldvsag x qy� � �mg u gys_d

γ = sup
vi∈Vi\N (Aii), i=1,2

v1
TA12v2

{v1
TA11v1 v2

TA22v2}1/2

= sup
v1 6=0, v2∈V2\N (A22)

v1
TA
−1/2
11 A12v2

{v1
Tv1 v2

TA22v2}1/2
,

el|~}hdfwrq jf�hx kpdfs � sH|0w j d&}hq j w i �[g+��g v1 = A
−1/2
11 A12v2 i	j �ld�}hq u gyw{dv�po{q

γ =

{
sup

v2∈V2\N (A22)

v2
TA21A

−1
11 A12v2

v2
TA22v2

}1/2

.

d wrq u g�w u |�k{}hdvo i d (a)
d+}hqte{g[�fg[orq � � u |�k{}hdvo i d (b) j �hd�} u g x kp��e[q�q�w (a) i q�w}hdv� i o ip�ri ��wmg+omg8}hq x |0�po{dvo i dvwrq4omg ª � k S = A22 − A21A

−1
11 A12 �

:<;>=�� � P��7Q��aU&N
	&B*N��IJaK"B*N*JRACJRN�
�QCESA��IN+=
¬ w gy�p��d[�[k i �pomg��t�ld�}~omg�wrq��pehgrz j | u kpdvs<dfopo i w{d	sHorq���qto ipu q u�i s<dfwrqv} i ��g x kpdfq[�� �hj �mg u ��o{d x krd�} j wmg u �p� u gyw5krdve � k jviru orq�q��yq�����dvo i dMopg j |�q�w u dfwro i wrdM} u[� o ipu q u�is<dfwrqv} i �V  �r�fd��yk i �po i w{d5g[} i w iru dvo i s � �pw ipx � i ehgyw ipu dfo } uy� o ipu q u�x krdvq�� �{j �lq[�
u�i w{dv� j d&}hdv� i o i kpgyw zmehgyelwrq j �ld�} u g{�

CA =


 A11

A22


 , ���t� ��� �

CM =


 A11

A21 A22




 I A−1

11 A12

I


 , ���t� ��� �

w � d � g[} i w ipu o i ��w x kpdvqy� �hj �lq u�i w{dv� CA x kpd�} j wmg u �p� u g"�y�hq��rorq § } i gy��qtomgy�pomg[wmg��mg j womg
A
zrg�s � �pw irx � i ehgyw iru o i ��w CM j d x q�� � �mg u g{z{ehgyw{q8��gys<d j w i s j A22

}hq x |��pord��o i dfwrq4omg ª«� k
S = A22 − A21A

−1
11 A12

b



u wrq��popgywmg+�Rg[ehw{qtk i ��g �pi �

A =


 A11

A21 S




 I A−1

11 A12

I


 .

� � e~z j+x qts<q �¡wmg5omg�e[qto j wpgyopwmgywpg u5�{jfi �ldvo{q�wrq�o{dvkmg u dvo j w u q�omg ¢I¨�ª z0��dq � dvo i s q�w{orq jfi wrdf�porq�w{q+� ipj �lq+omg�q�� �{j �lq u dvorq j w��fg8wpgyehg8}hdf� i o i kmgyo i wrd�gy�p��d[���k i �ro i } u[� o ipu q u�i s<dvw{qv} i �
� ����� �������O	 �
����� @2!&���
�V@2���
*H$K�

w =


 v1

v2


 !]�"@�!��27 � $ � ���
�O�
*H�

(1− γ)
(
vT1 A11v1 + vT2 A22v2

)
≤ wTAw ≤ (1 + γ)

(
vT1 A11v1 + vT2 A22v2

)

� !K7D�]�
$2@���*H�K7
�^$

(1− γ)wTCAw ≤ wTAw ≤ (1 + γ)wC
Aw. �?��� � �����

a�qHeRg<�0g<w>d � j w u q � �Mk i �mgy��gys<d x q j �ld�}hq u gyw{dv�po{q ���t� � ­ � i	i � u d j wro{q�wrq�qyw � � i �� i �¡o i �4e � k j ordfkmg u dfo j w u q
2ab ≤ a2 + b2.

�Sgyehg x q�� � �mg u gys<dIq � dvopehgywmg�q�wh}~� j o{qpzmw � d �
wTAw = vT1 A11v1 + vT2 A22v2 + vT2 A21v1 + vT1 A12v2

≤ vT1 A11v1 + vT2 A22v2 + 2γ
√

vT1 A11v1

√
vT2 A22v2

≤ (1 + γ)
(
vT1 A11v1 + vT2 A22v2

)
.

�Mq�gyomg[�hqy� i �pdvo�omg�� i o�q�w �?�t� � ­ � i
−2ab ≥ −a2 − b2

j �ld�} u g
wTAw = vT1 A11v1 + vT2 A22v2 + vT2 A21v1 + vT1 A12v2

≥ vT1 A11v1 + vT2 A22v2 − 2γ
√

vT1 A11v1

√
vT2 A22v2

≥ (1− γ)
(
vT1 A11v1 + vT2 A22v2

)
,

j eyq�dfwrq4wrdfq�krdvsagywmg+d&}hqte{g[�fg[omg �
�
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R
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�O*H�

(1− γ2)wTCMw ≤ wTAw ≤ wTCMw �?�t� � �����
L � @2!&���
�V@2���
*H$K�

w
3

a�qHeRg<�0g<w>d � j w u q � � u |�k{}hdfo i dvw{q j �ld�} u g�o{d x q j kpd�} j w u dvo{q5q�w ���t� ��� � i kpg u dvoh�
j w u gywmg

A =


 I

A21A
−1
11 I




 A11

S




 I A−1

11 A12

I




i
CM =


 I

A21A
−1
11 I




 A11

A22




 I A−1

11 A12

I


 .

aMdvn j w u�i w{dv�po{qpz

wTAw = ŵT


 A11

S


 ŵ

= v̂T1 A11v̂1 + v̂T2 Sv̂2

≥ v̂T1 A11v̂1 + (1− γ2)v̂T2 A22v̂2

≥ (1− γ2)ŵT


 A11

A22


 ŵ

= (1− γ2)wTCMw,

el|~}hdfwrq
w =


 v1

v2


 i ŵ =


 v̂1

v̂2


 =


 I A−1

11 A12

I


w � aM� j o{q�wrq+ordfkmg u dfo j w u q

u �?�t� � ����� j �ld�} u g4omg x |��porq4gyopgy�lq�� i �porqrz j e[q�dvw{q�w{dvqtkpdfsagywmg+d*}hqtehgy��gyomg �
��� �����	��

�G� �
	 � ��� * -0/21234/��K5 �"-0/21234/2/�5 #�$&7
I ���
@��)%'�<!K7D�]���
�O*H�<$ � ���
�
� L ��$)*6R�D$2!��O*H�K7
�
�O*H� �O�D!K7 �,� �"$ 	)I�!K7D$2@2���D$2!�* � �M�)7O>?� 	K�Q���O�
�
*H� �
@)I?�
�D@2$2@)��%'��*H$���� A

κ
(
C−1
A A

)
≤ 1 + γ

1− γ �?�t� � � ­ �
κ
(
C−1
M A

)
≤ 1

1− γ2
�?�t� � � X �

� � e d u g[��orq }~g�q�wp��df�hd�� i s>zR�pd$q j q���dforq u o i sagyo i d$q�w �t�ld�}~omg£wrq��re{g omgs<dfwrqv} i w{d8��g x kpdfq�� �hj �pg u ��o{d8��g j � � ��g u g[w�wmgye ipu g����lq��po i kmgy��}hdv�p�yo i �5omg�sagywh�k ip� gywmg A z���g&eyq i w{q γ d>kmg u orqts<dvkrorqIq��tkmgyo i �pdvomg j eyqto j wmgyorwmgrz�eyqy��wrqIordS��g u�irjviq�w�kmgy��s<dfkporq j wpwmg�omg A �
�


