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]^`^cb]^`^klHKfeJOUmLMJY_

Ω = (0, 1)× (0, 1)
`�]bGIHgJ�fhL^GIPSnYR^keL^]^J�ab[\UK[YoeRMJYpI_AXqLbGsr�JO_MJ�G

RT[SHgJOR^]b[6p\PStWp\_bGI]MJbuvHKJYHT_b[6G�ab[SHKJYNQJY]b[1]^J�w�`^PTx^yexKz{GI_b[\UmtW_|uvHO[~}b_b[1��G�LMJYN�PSRKGVUmJ~j
X/G�pIGZ[eoe[eoS�	JOfvJ<NQJ�a^Lb[~`bNQfY[eR^]MJ�a^L^JYfe[etWPSt�R^]^J)[eoeRMJOp\_

Ω
`�G\R^`^ab_^`^c^GI]�[SabGILMJY_g[~L�u

UK[SabnKp\HKJ~��LMJYNsUKGIR^ke]bGZ]^J6a^Lb[~X8G\]^R^`bfe`^_bGOuTHgJOHK_g[�`la^L^[S`^N�fe[YR^]MJ1a^LMJYfY[et�PStWR^]MJ1ab[~j
UK[eoeR^JYp\_|u�HTtMUKG\_b[�a^L^`bRMJYP~JYX/G
RT[~HKJYRb]b[�p\PSt�pI_^kefvJO]bGYx�z{GI_b[\UmtW_|u�HKJYHT_b[�`�JOR^PI[~j
L^`^_bt�XqtW_�NQJ{]bGIPI[SfvJO_MJ�G\�:G\HT_^`bfe]MJ�L^G\JYR^`^NQJY�b`^k�G�`^N�feGIp\_gG\]�p\tWp�pIt�HTLMJS��GI]^`^GI_b[
BEPS (Bramble, Ewing, Pasciak, Schatz)
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w6`bPSnKLMJ�ye�W��tWp\_MJOfe]MJ�XqL^Gsr�J�p1RT[SHKJYR^]b[�p\PStWp\_^kefeJY]bGOx

��G1`bNQag[eR^N�fvJYX8G�p\RTGVUm]^`b_bG�[YNQ]^JScbG\]^`^kb�

• ω̃ � fetWN�R^`^_gG1[e_{]^JSc^JYR^]MJY_^J���P~LgngoeJv��XqL^Gsr�Jb�
Ã � X4JY_^Lb`^�MJh]MJ�HY[SLMJYfe`b]MJbuMp\tW[e_^fYG\_bpI_^fvJ~�iJ�]MJh]MJdcMJYR^]MJO_MJlXqLbGsr�Jg�

• ω � fetWN�R^`^_bG1[Y_{pIt�pI_MJYfe]MJO_MJlXqLbGsr�Jhp�RT[~HKJYRb]b[lp\PSt�pI_^kefvJO]bGY�
A � X4JY_^Lb`^�MJh]MJ�HY[SLMJYfe`b]MJbuMp\tW[e_^fYG\_bpI_^fvJ~�iJ�]MJhp\tWp\_MJYfY]MJY_MJhXqL^Gsr�Jb�

• p�c^GIL^]^`AHTL^t�PSc^GI_MJ�p\J�[eN�]MJdc^G\]^`A_|x�]|xMab[\UMc^`^]bGI]^`Afet�N�R^`��M]MJ�_bG\N�`�fetWN�R^`�]bGpIt�[e_bfeG\_gp\_^fvJO_�]bG\`bNQfYG\p\_g]^`|uEJ�p\_b[S}^]g[ep\_b_MJi]MJia^L^`boeR^`br)G\]b[Y_b[	L^GI�lGI]^`^G�pIG
a^Lb`^G\X4J	NQJip\L^GVUM]b[AJYL^`^_bX/G\_^`bc^]b[�[e_�p\_g[S}^]b[epI_^`^_gG�f	p\tWp\GVUm]^`b_bGlfet�N�R^`�ag[
`^]b_bG\Lb��GI}^p�Jh[e_A]MJdcMJYR^]MJO_MJlXqLbGsr�J

ω̃
x



��GIR^_MJhG�UWJlLbG\�l`^X pI`^p\_gG\X4JY_^J�fetWL��gnip\tWp\_MJYfY]MJY_MJhXqL^Gsr�JbuM_|x�GYx

Au = f .

�
Ω1 ⊂ Ω

[eN�]MJdcMJOfvJYX/G1ag[\UK[eoeRMJYpI_^_MJ�p�RT[~HKJYRb]b[lp\PSt�pI_^kefvJO]bG�`�]bG\HKJ

ω = ω1 ∪ ω2,

ω̃ = ω̃1 ∪ ω̃2.
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ω1
`
ω̃1
p�J�ab[\UmXq]g[Sr)G\pI_^fvJY_MJZ]MJ

ω
`
ω̃
p\tMUmt�Lgr�JS�i`�fetWN�R^`^_bG4[e_�ag[\UK[eoeRMJYpI_^_MJ

p<RK[SHKJYR^]g[�pIP~tWp\_bkefvJY]gG
Ω1
x���p\tW[e_^feGI_bp\_bfe`^G<p�fetWfeGVUKGI]b[e_g[�LMJON UKGIR^ke]gG�NQJYa^`bp\fvJYX8G

fhoeRT[dc^G\]
2× 2

fe`gU{X4JY_^L^`b�^`^_bG6]MJ�HY[SLMJOfe`^]MJ
A
`
Ã
�

A =


 A1,1 A1,2

A2,1 A2,2


 } ω1

} ω2 = ω/ω1

`

Ã =


 Ã1,1 Ã1,2

Ã2,1 Ã2,2


 } ω̃1

} ω̃2 = ω̃/ω̃1

.

��Lb`"_gG\N�`�a^L^GVUmag[eRT[Sr)G\]^`bk^u
BEPS

a^LbG\[eo~ngpIRT[~fY`^_bGIR^ke_ pIG�UKG\�8`b]^`^LMJ	phLMJYfeGI]bpI_gj
fe[e_g[

CBEPS =


 A1,1 0

A2,1 S̃




 I A−1

1,1A1,2

0 I


 ,

HTtmUKGI_b[
S̃ = Ã2,2 − Ã2,1Ã

−1
1,1Ã1,2.
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BEPSA) = O(1).
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� _b]g[~fY[6��G)JO]MJYR^`^N�`^L^JYX/G<`^N�c^`^p\Rb`^_bGIR^]MJY_MJ�pIRT[Sr6]g[ep\_i]^J�L^GI��JYfeJY]bG<]MJ�pI`^p\_gG\X4J
p�abL^G\[eo~nKp\RMJYfYkO�	JO_MJ�X4JY_bL^`^�MJ

CBEPS
x � _�UKG\� `^]^`^�^`bke_MJ)fetWf)�:JYHT_g[~Lb`^N�`^LMJY]�fe`gU

ab[YRbnKcMJYfvJYX8G

N (C−1
BEPSv) = 2N (A−1

1,1v) + (S̃−1v) +O(N1/2).

yex�
qG\��JYfvJO]bG\_g[ ]MJ"p\`^pI_bG\X4J p�X4JY_^L^`^�^JY_MJ
A1,1

p\tW[e_^feGI_bp\_bfvJ ]MJ LbG\��JYfvJY]gG
]MJA`^N �v[\Um]^JY_MJ�NQJOUWJdcMJAp�LMJON UKGIR^kO��` pIG�a^L^[SX/GI]^R^`^fY` f�ag[\UK[eoeRMJYpI_^_MJ

ω1
p

RT[SHKJYR^]b[�p\PSt�pI_bGI]MJ�XqL^Gsr�Jbx)��LbGVUmab[eR^JYP~JYX/GYuKc^G�NIJ��bGIR^_MJ�abL^`^RMJYP~JYX8G�ag[dc^_^`
[Sa^_^`bX4JYRTG\]�X8G\_b[\U{p�`^N�ab[YR^N�fvJY]bG1]^J��/��wluM_�x GOx

N (A−1
1,1v) = O(N logN).

= x � HKJYN�fvJ"pIGYu�c^G�L^GI��JOfvJY]bGI_b["]MJ"pI`^p\_gG\X4J pAUK[Sa^tWR^]gG\]^`^GI_b[�]MJ��-nKL
S̃
p\G

pIfeGsr1UWJ UK[ L^GI��JYfeJY]bG�]MJ p\`bp\_bGIX4J pIt�p�p\agG\�^`^JYR^]b[ `^N�oYLMJO]MJ Umkep\]^J�cMJOp\_
NQJ X4JY_bL^`^�MJY_^J

Ã
xZ��UmLbnKPS` UMnKXq`|u�_g[~feJ [e_b]g[~fY[ G�NQJOUWJdcMJ p!LMJON UKGIR^kO��`

pIG�a^Lb[~X8G\]^R^`bfe` fAa^LMJYfY[et�PStWR^]MJ�[eoeRMJOp\_
p�L^GIPdneR^keLb]MJ�XqL^Gsr�Jbx���pIHKJYX/G�UWJ
L^GI��`bX p\`bp\_bGIX4Jl[Y_{fe`KUWJ

S̃x2 = b2.
�-G1ab[SHKJOr)G\XZuMc^G6NQJh�gG\R^_^JhG�UK[epI_MJY_^tWc^]g[hUWJ�L^GI��`bX p\`bp\_bGIX4JY_MJ

Ãx = b, b =


 0

b2


 , x =


 x1

x2


 .

�ZfetWLgUKGI]^`^G\_g[�pIG6abL^[SfeG\L^kYfvJl]gG\ag[ep\L^GVUKpI_^feGI]b[^x���`^pI_bG\X4JO_MJ

 Ã1,1 0

Ã2,1 S̃




 I Ã−1

1,1Ã1,2

0 I




 x1

x2


 =


 0

b2




L^GI��JOfvJYX/G1]MJ�UmfYG6pI_^tWa^HT`|x ��tWL^fvJY_MJA��a^LMJYf1�v[\U���pIG6LbGVUMnK�^`^LMJ�UK[

 Ã1,1 0

Ã2,1 S̃




 y1

y2


 =


 0

b2




`Ap\RTGVUK[SfvJY_gG\R^]g[

Ã1,1y1 = 0 → y1 = 0

Ã2,1y1 + S̃y2 = b2 → y2 = S̃−1b2

.
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��_g[SLMJY_MJhp\_^tWa^HKJ{� [eoOLMJY_bGI]0�v[\U���`^X4Jhfe`gUWJ

 I Ã−1

1,1Ã1,2

0 I




 x1

x2


 =


 y1

y2




`Ap\RTGVUK[SfvJY_gG\R^]g[
x2 = y2 → x2 = S̃−1b2

pZHO[eG\_g[1_^fetWLgUKG\]^`bG\_b[�G�UK[SHKJYNQJY]b[bx � _b]g[~fY[�a^L^GVUmag[eRMJYP~JYX8GYuec^GZNQJ)LbG\��JYfvJY]gG
]MJ�pI`^p\_gG\X4JY_^Jhp1X4JO_^L^`^�MJ

Ã
`bNQag[eR^N�fvJYX8G)X/GI_b[\UA]MJ�LMJYNsUKGIR^ke]bG)]MJ�a^L^[SX/GI]gj

R^`bfe`^_bG�p�� ��whuM_|x�GYx

N (S̃−1v) = O(N logN).

��JY_g[6fYNQGIX/G\X"a^L^GVUmfY`gU	[e�gG\]^HT`^_gG�NQJ1c^`^pIRT[e_b[�]MJ1[eoOnKp\RT[SfeGI]b[epI_�`l`^N�c^`^p\Rb`gj
_gG\R^]MJO_MJ�pIRK[dr6]b[Yp\_�]^J6L^GI��JOfvJY]bG�]MJ�p\`bp\_bGIXq`�p<a^L^GI[eoOnKp\R^JYfekO�iJY_MJ�X4JY_^L^`Kj
�MJ

CBEPS
u^ab[eRgngc^JYfvJYX/G�pIRKGVUMfvJ~�iJY_MJ�_bGI[~LbG\X4Jbx
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N PCG
BEPS = O(N logN).
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