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M�NPO	Q�RTSVUXWZY\[]R_^`Uba<Rcaedf^hgji<glklgjSVUbmVUHmjRonlpq[jmVUAiLUbO]rjd\SlglWZUbkjgls3mlUHtAdu[]RfklO]g�dur8mjNwv
[]RfxySlR_^GzhObdusbrjd�x�[jglrjRoSVUbrjNPSVUbrlUyR8glW{xuRf|orjmVU�|fp`|?|fp`OPSlU}QyRfmlglRorjd

MIC(0) ~ Mod-

ified Incomplete Cholesky factorization �{�

−L

A = D

−LT

�?glY�NPSVU��b�V�3SlR_^P|orVUbxusbmjR8mVU�aTUXrlSlglkVUXrVU�njSlg
MIC(0)

iLUbO]rjd\SlgjWoUXklgls �
�3RfOPU�WZUbnlgl��Roa�SjR�Ub[lmlUbrVU�aTUbrlSlgjkVU

A = (aij)
|�SVUbW{aeRoSlmjdb|fr

n× n xup`x�xbg�^`U
A = D − L− LT

O]ph^PRorjd
D
R�^hglUbYod\mVUX[lpqr:zTU

(−L)
|frlSjduYod%^Pdu[lmlUbrVU%rlSlglp`Y\pq[jmVU&�VUX|fr�mVU

A ���|fgj[VU�R?iLUbO]rjd\SlgjWoUXklglsurVU
A = (R− L)R−1(R− L)T .

� glaeRorlSlgl�jmVUbrVU�aTUbrlSlglklU
R
|fR?d\nlSlR_^PRf[js�R_^hm�duW{mVU��lmjd�dur�SVUbxuRomj|orlxudur�d

D − L− LT = A = (R− L)R−1(R − L)T = R− L− LT + LR−1LT

g�|f[]R_^Pd\xwUbrjRo[lmjd
R = D − LTR−1L.

� du�\Q�gjs�|o[jNP�VUb��aTUbrjSlglkVUbrlU
R
R�nj[lpqr�mVU � �3RoOPU�SVUbW{Y\[]R_^`UbaeR"nlSlgl�u[jgj�	RomVUbrVU

~ m�Rfnlp`[lmVU � iLUbO]r�d}SjglWZUbklgls�mVU A xup`x�xbg�^`U
CMIC(0)(A) = CMIC(0) = (X − L)X−1(X − L)T ,



O]ph^PRorjd
X = diag(x1, · · · , xn)

R�^hglUbYod\mVUX[lmVU%aTUbrlSlgjkVUjz�Obdbsurjd%|oR�d\nlSjR_^PRf[ls&dur
NP|f[]d\xuglRorjd�WZU�SVUbxbRfmj|orlxud�mVU�|oNPaTUbrVU�mVU�Rf[]Rfa<RfmlrlgjrjR8njd�SlR_^Pd\xuRbzhr � R �

CMIC(0)e = Ae, e = (1, · · · , 1)t ∈ IRn.

M p`�"OPUbr�dyk�Rf[lrVU�mlg�R	^`U�Obd\mj|orlSjNPglSVUba<R*nlSjRfdu�}N�|o[]d}xbglrjRo[ zhrjd�mlglR?|fR?glmlr�RfSlRo|oNwv
xwUba<R
dur%|o[jNP�VU�s ObduY}Ubr�d

X > 0
g�|f[]R_^Pd\xwUbr�Rf[lm�d

CMIC(0)

R*njdu[]d��8glrjRo[lmjd d\nlSlR{v
^PRf[]RomVU � ��duY}Ubrjd�rjd\xwU�NP|f[]d\xuglR�R�x�|fgl[VU�z O�UXWZxuUbaeR��lR�iLUbO]rjd\SlglWZUbkjglsurVU MIC(0)R�NP|fr�d\�l�lglxwU ��� db|frVUbrjpq�lmjg NP|o[Pd\xugjs�WZU�|ophQyRo|frlxbNPxwUXmjR�mVU�NP|orjd\�l�lglxuU MIC(0)iLUbO]rjd\SlglWZUbkjgls�|�U�i-d\SlaeNb[lglSVUbmjg"x�|f[]R_^hxwU\Q UbrlU�r�Rfd\SlRoaTU �
�����
	�����
����������������

A = (aij)
���� �!"��#%$& �'�(��)$��*�,+�(-�.!/�0#%$& 
1-�2��$3�,45!"�6$&(879��#

n× n  :(8����� A = D − L− Lt ; �����-�<�*�>=>�� �+-�@?9�A+879=, ,B8#C�

L ≥ 0

Ae ≥ 0

Ae+ Lte > 0 e = (1, · · · , 1)t ∈ IRn.

DFE $&?HGI E ?J!) 9K
A
�L�A+-��M97 E  -�NGH7,(��,+�(87 E 75!) �(
 5$3�0OP�2!/�0#%$& 
1-�Q�"(R��S375+87HTU �#V�A+�W

(� > �49=9XY( E  ��NGH7,(-�,+�(� <�A+8�A!"��(
#Q 9KZ�-�0#V7
A+LT = D−L �P��#%$�7HGH7 E  -�NGH7,(��,+�(87

E 75!) �(
 5$3�0O[� ;
\ 7HGJ��=0�,K^]/7A$8!)?5+-�0#C�

xi = aii −
i−1∑

k=1

aik
xk

n∑

j=k+1

akj

�_�R7A$�����#Q(-�,K>�A+8�A!"��(
#Q �#V�
xi

�*�`S375+87HTU 
#V�A+�(� a E  -�NGH7,(��,+�(-�0#C�b!/�0#%$& 
1-�
X = diag(x1, · · · , xn)

E ��]c �(
 5$3�V?9��#V7,d
'� R=0�
MIC(0)

])�0�
#V7A$& 940�01� HBU(-�
A ;

e 
-f3�Ngh�0ikjl
`��������m.49=9�5��#Q(R7U�AK.'8�n�-�0'R�5��#V=0�0#C�k(��
MIC(0)

S0$��579M,?��A+879=, �#V��W
+,B`�5�@S37 E 79MA$�B3=0�0#o40�@$3�,4HGp+8�pT E �0(� HBq�9+-���Q40� E �0'� �KL�0�87k])�0�
#V7A$& 940�01
 ,B8#C�r�5�
S0$& 9+87HTU :�8X�!s!"7 E  �]c 
1� J$3�0(-�0#C�C!/�0#%$& �1��

Ã = A + D̃.

t  ��NGH7,(-�,+�(-�0#C�uS3�6$&#Q?A$�M0�01
 ,B
D̃ = D̃(ξ) = diag(d̃1, . . . d̃N)

�5� E ��]c 
(� J$3�,K/�-�0�
W
#V7>�A+8� E =0�

d̃i =




ξaii

�0�87
aii ≥ 2wi

ξ1/2aii
�0�87

aii < 2wi
,

v



�8X E ��#V7
wi = −

∑

j>i

aij.

\ ?,�
0 < ξ < 1

�[�R7,(8��#C�0(�#C�,K �R7�B8#V7 S37uS37A$�B E XY� �%$3��=,(-�:(-�u!) �(
 9!/�,+�(R7,#V7
�579M9��#V=9��(87Q'� R�A+87[(��

A ; � �Q!"7 E �A+�(-�0#C�P40� E �0'��n#V79=0�>754,(-�0'���=0�,KZ'R� !"7HT_�A! E � 8M9�6$��A!
ξ = h2 ;
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�3RoOPU�SVUXWZY\[]R_^`Uba<R*dur�mjd\xud�aedf^PRo[lmVUbrlU�WZUX^`U��VU

−∆u = −
(
∂2u

∂x2
1

+
∂2u

∂x2
2

)
= f

x	R_^hgjmlgl�lmlgjs8O]xwUX^VSVUbr
Ω = (0, 1)×(0, 1)

|-NP|f[]d\xugls�mVU � glSjg���[PR xbpqS��PN
Y\SVUXmlglkVU}vrVU
Γ = ∂Ω � �3Rfn�du|fSjR_^P|frlxuRomjd8|fR nlSjd}xbRfSlsuxuUjzu�lR�NP|f[]d\xuglsbrVU8WZU3NP|orjd\�l�lglxuU MIC(0)iLUbO]rjd\SlglWZUbkjgls"|fU�x"|fgl[lU"x�|f[jNP�VU�s�mlU"Rf|orjRo|frlxuRomVU�m�d}a<RfSVUbkjgls"n�d"xbRfSjrjglOPUb[lmlg

[lglmjglg�dur�a�SlR �*UbrlU �M�N�O�QyRHSVUbW{Y\[]R_^`UbaeR3R_^hmVU�Ub[jrjRfSjmVUbrlglxbmVU*m�d}a<RfSVUbkjglslz]glW{xuRf|orjmVU8x
[lgjrjRfSlUbrjNwv
SVUbrlU�OPUbr�d E =,?,18=9��#Q(�� gl[lg 'R�6$�=9��(87��6'8�6$&(�� zVxug�� �?glY�N�SlU v �
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�?glY�NPSVU v � � xbNPklxuRfr�mVU�mjd\aeRfSlUbklgls�WZU�a<df^PRf[lmVU�WZUX^`U��VU�x�R_^hglmlgl�jmlgls�O]xwUX^VSVUbr �
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� rjduW{g�|f[jNP�VUX� zhaTUbrlSlglklUbrVU�mVU�Obd\SVUbxugjmVU�gjaTU�xugP^`U

A =




4 −1 −1

4 −1−1 −1

4 −1 −1−1−1

4 −1 −1 −1

4 −1 −1 −1

4 −1−1−1 −1

4 −1 −1−1

4 −1 −1

−1−1−1 4

−1 −1 4

−1 −1 −1 4

−1−1−1 −1 4

−1 −1−1−1 4

−1 −1 −1 4

−1 −1 4

−1−1−1 4




.

�3db[jNP�lRfmVUXrVU
2× 2

�u[]d��lmlU�aTUbrlSlglklU
glaTU8^hglUbYod\mVUX[lmlg �u[]d\Obd\xuRXzjObd\glr�d�|�U8^VgVUbYZdXv
mVUb[jmlg�aTUbrjSlglklg � MHUbW{g�|frlS�N�O]rjNPSVU�|opqW ^`UXxwU�|fnjRoklgVUb[jmlg�nlSlR_^Vnjdu|orVUbxuO]g�WZU�nVUbSVU\v[]Rf[lmlU�SjR�Ub[lgjWoUXklgls mVU�gjrjRfSlUbklgld\mlmlg aeRorjdf^hg%dbr�rlgln��eU�NP|���� Ub��^PRf[%g

SSOR � � U|fph�*Ub[]RfmlgjRc^hxbNPklxuRorjmVUbrlUAmjd\aeRoSVUbklglsAR�mjRonlSlgl[]d��8glaTU	WZUASlR�UX[lglWZUbklglsAmVU
MIC(0)iLUbO]rjd\SlglWZUbkjgls � � Slgl�lglmlUbrVU"RXzG�lR�mjR�|�U�x"|ogl[VU N�|o[]d}xbglsurVU�WoU NP|fr�d}�j�lglxwU�i-UXOwvrjd\SlgjWoUXklgls ��� �lRfxbg�^hmjdjz1x"SVUbW{Y\[]R_^`Ubmlgls�nlSlglaeRoS A + LT = D − L mjR�Ry|orlSlduYZd

^hgVUXYod\mVUb[jmjd�^Pd}a�gjmlglSVU}Q�U�durjm�du|fm�d�SlR_^Pd\xuRfr�R*|?mjd\aeRoSVU � v g&� � �
e 
-f3�Ngh�0ikjl
`�����	��
 �A+879=, HB8#C��40�`?9��#V7,d
'� R=0�

MIC(0)
])�0��#V7A$& 940�01
 ,B 40��=, 
W

� B8# (8� �*�,!"7:7,# Gp+879M0�,+�(� 
#V�@�5=97,dR��#V=0�u(��u+� �(8��d
(� HB`7,S3�6$3�0#V7A$8K"�k q7,# (87,W
!"�6$3�01� HB8#C�@S0$& k�87�B8#V7 ��S375+�?H'8��(-�C!/�0#%$& 
1-�0#C�@(-�V�R7A$3��=, �(�� ;

�
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�A9LEG>
�3Sjg
^Pdu|frVU3du�}Q�g*njSlR_^hnjdb[Pd��ARfmlglsjzuWZU3SVUbW{Y\[]R ��^`Ubmlgls�O][VUX|�WZUX^`U��lg�RcxA|fgl[VU3|f[]R_^lv
mVUbrlU�duk�RfmlOPU�WZU�dbrjmjdb|fglr�Rf[lm�durjd��lgj|f[]d�mVU�du�}NP|f[]d\xuRfm�du|fr

κ(C−1
MIC(0)A) = O(N1/2).

� []R_^Pd\xwUbrjRo[lmjd �bSjdusur mVU�glr�RfSVUXklglglr�R�x�a<Rfrjdf^hU�mVU�|fnlSjRfY\mVUbrlgjsFY\SVUX^hgjRfmlr(|
MIC(0)

nlSlRodu�XNP|f[]d\xuglr�Rf[�R

nitMIC(0) = O(N1/4).

�3Rf|fm�d*|oRHxugj��^`Ujzw�lRHglW{�lgj|f[lglr�Rf[lmlUbrVU*|o[]d\�8m�du|fr�mVU?R_^hmVU
PCG

glr�RfSVUXklgls8x8r�duW{g
|f[�N��lUb��R

O(N)
g�|f[]R_^Pd\xwUbr�Rf[lm�d�WZU�du�}Q�UbrVU�glW{�lgl|o[lglr�Rf[lmVUy|f[]d��*m�du|fr"WZU�SlRo��U\v

xwUbm�R�mVU�WoUX^hU\�lUbrVU�njdu[�N��lUbxwUbaeR

N PCG
MIC(0) = O(N5/4).

��R
SVUXWZY\[]R_^`Uba<R�njd � njdf^hSjdu�bm�d��XSldus�mlU�UbSlglrjaeRfrlgj�lmlglr�R�d\njRfSlUbklglg zqmjRodu���udf^hgla�g
WZU SjR�Ub[lgjWZgjSVUbmjRLmVUHR_^hmVU

PCG
glr�RfSVUXklglsA|TnlSjRfdu�}N�|o[]d}xbglrjRo[

MIC(0) �}� |osuOPU PCGglr�RfSVUbkjgls&xbOP[�
A�lxwU%SlRo��UXxwUbmjR mlU R_^VmVU�|ogl|fr�RfaTU |�nlSlRfdb�XNP|f[]d\xuglr�Rf[ls
CMIC(0)

z
R_^hm�d�NPa�mjd��ARfmlglR�mVU%d\SlglY\glmVUX[lmVUbrVU aTUbrlSjglkVU mVU%Obd\SVUbxugjmVU

A
n�d xuRfO]rjd\S z<^VxuR

|fOPUb[lUbSlmlg�nlSjd}gjWZxbR_^PRfmlglsCg�rjSlg�|fxbpqSlWZUbmjg�xuRfO]r�d}Sjmlg�d\njRfSlUbklglg�dur xug�^`U
v :=

αv + u � � []R_^Pd\xwUbr�Rf[lm�d

N it
MIC(0) ≈ N (C−1v) +N (Av) + 10N.

��Rf�yUbxwUbm�Rfr�d�mlU�|ogl|fr�RfaTU�|8njSlRfdu�}NP|f[]d\xuglrjRo[ls

CMIC(0) = (X − L)X−1(X − L)T

|fR*|fxuR ��^`U�^Pd�SlRo��UXxwUbmjR?mVU�|fgl|orjRoaTU�|?^Pdb[lmVUbrVU�rlSlglp`Y\pq[jmVU�aTUbrlSjglkVU
(X − L)

z
SlRo��UbxuUbmjR%mVU |fgj|frjRoaTU |�^hgVUXYod\mVUb[jmVUbrVU aTUbrlSlgjkVU

X
g mVUbO]SVU�s�SlRf�yUbxwUbm�R mVU

|fgj|frjRoaTUA|cYZd\SlmVUbrlU3rlSlgjpqY\p`[lmVUAaTUbrjSlglkVU
(X−L)T � � [PR_^Pd\xwUXrjRf[jmjd	WZU3a<df^PRf[lmVUXrVUWZUX^`U��VU�njdu[jNP�VUXxwUbaeR N (C−1v) ≈ 11N, N (Av) ≈ 9N

g�d}OXd\ml�VUbr�Rf[lm�d

N it
MIC(0) ≈ 30N.

�



M duW{g�UXmVUb[lglWAnjd\OPUbW{xwUjzV�lR8SVUbW{Y\[]R_^`Ubmlglsbr�Ub[lYZd\Slglrlp`a�R8|?^Pdb|frVU�mlgl|fOPU�glW{�lgl|f[jg�v
rjRo[lmVU�|f[]d��8mjdu|or � �3RoO�U�durl�wRo[]R �*gja z1�jR�SlRf�yUbxwUbm�Rfr�d�mlU�|ogl|fr�RfaTUbrlU�|�nlSjRfdu�}N�|{v[VUbxbsXQ UXrVUAaTUbrlSjglkVU?glaTU	nlSlgl�b[lglW{glrjRo[lmjd8R_^hmVU�rlSjRfrVU?dur�du�\Q UbrlUAglW{�lgl|o[lglrjRo[lmVU
kjRomVUjzVOXduRfr�dyR?g�kjRfmlUbrVU�WZU�NPa�m�d\�ARfmlgjR*mVU�aTUbrlSjglkVUbrVU�mVU�Obd\SVUXxuglmVU�njd�xuRfO]r�d}S �
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