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.0/1. 2 354!687 9�:<;!=�:?>�9�@A4B3C3ED�35F�3G9A4�@)/
H�IKJMLONQPRJTSVU�WYXVU[Z\SM]\JMI^IK_`IKabIOSMJ\]dcePgfhS\]MW`ceUMijW`U[JkL�alU[J\X\]Mm\IOSdabIKJMLONdfnU'X\IKopUrq
csU[SkI�SVU�]MSMt�IKSMIOXMS\]�fnUuNRUvm\]^L[J^abIxwMU[S\]\W`U+SVU�WuLySkzOJ\Xk{kWY|\]M]\JMIu}g~!IO�nLrcsU[JVU#X\L[_\�+c
JVU[fh]�Le�e_VUuzOJp])NQSMIKz�fnU[�\U[fhcsU��l{`SMNRUuabIOS\J\U[_\SML[JML�zO]pfhSVUvm\IKS\]\Iu}k��JMLefh]�W[LrS\JkIOW[zKJEi
alU[J\XM]\|VU[JVUASVU�zO]MzOJMIKalU[JVUA_\]\SkIOZ\S\]�U[_\�nIy�[X\]\mMS\]�{`XVUuceSMIKS\]\�\ieLr�\]MzOcsUy�p])SVU[�\XMIO��q
SVU[JkLeJML�]�N`IO�0LrX\a?]\XVU[SkL#zOPRzOJkLe�eS\]MI�SVU�WuLySkzOJ\Xk{kWY|\]M�eJVU)I�SVU[X\IKm\IOS\U#alU[J\X\]\|\U#SVU
W[LrXVUuce]\SVUM}\��W[LrX\L)zOJ\U[csU��ezKSML\i`m\I�ajIOJMLONVPgJ�]MalU�a?SMLe�nL#�kLu��Le�r��wMU[XVU[WYJMIKX^]pNQSMIKz
JMLrZ,IALezOSkLyc[SML)zOX\IxN`zKJ\ceL�fKU+m\]MzO_YIOSkL�X\IKopUucsU[SMI�S\U+NQ]M��IKX\IOS\|M]VU[_\S\],{`XVU[ceSkIOS\]\�M}
~�IOW`U)XVU[fh�r_YIxNRU[abIAIO_M]\�\J\]\mMSVU[JVU��yX\U[S\]\m\S\U�fnUuNRUvmVU

−
2∑

i,j=1

∂

∂xi

(
pij

∂u

∂xj

)
= f,

fnU
(x1, x2) ∈ Ω,

u = 0,
fnU

(x1, x2) ∈ ΓD,
2∑

i,j=1

pij
∂u

∂xj
ni = 0,

fnU
(x1, x2) ∈ ΓN ,

. ��� } �r�

��U[XM]VU[|\]\LrS\S\U[JVUA��LrX\ab{[_\]\X\LrceW`UASVU ��� } �r� zOI�fnU[�M]\zOcsU�cePRcAce]kNRUk�efnU�NRUuN`IOSVU�NQ�ezKSVUmVU[zKJ
f ∈ L2(Ω)

JMPgX\zK]\a
u ∈ H1

0 (Ω)
iVJVU[WuLrcsU�mMI

a(u, v) =
∫

Ω
fvdΩ,

fnU+cezO�eWuL
v ∈ H1

0 (Ω),

WYPQN`IKJML
a(u, v) =

∫

Ω

2∑

i,j=1

pij
∂u

∂xi

∂v

∂xj
dΩ, u, v ∈ H1

0 (Ω).

��XM]�SVU[Zk��Le�y�p]��\X\IxNV�MLe_YLvt�IKS\]\��fnU�W[LeIK�j]\|\]MIOS\J\]MJMI[i
[pij(x1, x2)]

I#zK]\abIOJMX\]\m\SVU
]$�MLe_YLvt�]\JMIK_\SML,Lr�\X\IxN`IO_YIKSVU�alU[J\X\]M|VUM}G��XM]\_VU[�yU[abI�H'�A��]$�MLe_k{km\U[csU[abI#NQ]MzOWeq
X\IKJMSVU[J\U�fnUuNRUvmVUM�VJMPgX\zK]\a

uh ∈ V ⊂ H1
0(Ω)
iVJVU[WuLrcsU�mMI

a(uh, vh) =
∑

e∈T
a(h)
e (uh, vh) = (f, vh)

fKU+cezK�eW[L
vh ∈ V, ��� }�� �

WYPQN`IKJML
a(h)
e (uh, vh) =

∫

e

2∑

i,j=1

p
(e)
ij

∂uh
∂xi

∂vh
∂xj

de.
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~�IKW`U T I^a?SkLvt�IOzKJ\ceLeJkL%LeJTzOPR�r_VU[zK{`csUuS\] JMX\]\PR�yPR_\S\]M|\]EibWuLy]MJML$�MLrWYX\]\csU[JTL[�uq_VU[zKJ\JVU
Ω � c[]Mt��A]\�Y} �r� }���{kW��\X\IxNQ�kLe_VU[�yU[ajI[i mMI Ω

I#�MLe_M]\�KLrSE}E�
V
I#LefhSVUvm\IKSML

�\X\L[zOJ\XVUuSMzOJMceLeJMLpLeJ'JkIOzOJkLrce]��?{`S\WY|\]\]�c�H'�A� �MX\]�NQ]\zKWYX\IOJ\]MfKUu|\]\�^z�_\]\SMIKZ\S\]
J\X\]MPg�rPR_\S\]�IK_`IKabIOSMJ\]E}���LrcsU LefhSVUvmVU[csUMismMI��?{`S\WY|\]\]\JkI�LeJ

V
zOU�SMIK�\X\IKW`PRzOS\U[J\]^c

ω
]�zOU+_\]\SMIKZ\S\]�cePgc)cezKIOWY]'IxNV]\S�L[J�J\XM]\Pg�rPR_\S\]\|M]\JMI�LeJ T }
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Γ

ΓN

D

�A]\�v{`XVU � ����]\zKWYX\IOJ\]MfKUu|\]\�pzA_\]MSMIOZMS\]�JMX\]\PR�yPR_\S\]�WYXVU[Z\S\]�IO_YIOajIOS\J\] }
��zO�eW`U^�?{`S\WY|\]\��LeJ

V
I+IxNQSkLefhSVUvm\SML�Lr�\X\IxN`IK_`IKSVU�L[J�zOceLr]\JkI�zKJMLrZ\SkLezOJ\]%cePRc

cePRXewsLrceIOJkI�SVU!J\X\]\PR�rPg_\SM]\|\]\JkI�LeJ T irW[Lr]\JML�zOI0SVU[X\]\m\U[J#L���I0c[Pgfh_\] SVU�a?X\I t U[J\UM}
�lU[fhabIOXMSMLezKJ\JVU�S\U��\X\L[zOJ\XVUuSMzOJMceLeJML

V
I�XVUuceSVU�SVU��uX\Le�,SVU,c[Pgfh_\]\JkI[iGfnU,WuLr]\JML

SMI)zOU,SVUu_`Lvt�IOS\]��yX\U[S\]\m\SM]�{`zO_YLrce]\�,SVU���]\XM]kwk_`Iu}5~�IOW`U,LefhSVUvm\]\a z
N̄
�[XMLe��SVU

cePRfh_\]\JMI^L[J T ilU%z N zKPgLeJMceIOJkSML$XVU[fhabIOXMSMLezKJ\JVU�SVU V }���U[�rXVU[SMt�IOce]M�eJ �eU[fh]\z
{φi}Ni=1

SVU
V
zOI�N`IO� ]\S\]\XVUkiVWkUuW`JkL�zK_YIxNQcsUM�

φi(vj) = δij
fKU+cezK�eW[L

1 ≤ i, j ≤ N̄

WYPQN`IKJML
vj
zOU cePRfn_M]\JMI�L[J a?X\I t U[JVUMi�U

δij
I�zO]Ma?ceLe_\PRJ SVUT��X\LrSMIKW[IOX } ��U[fh]\zhq

S\]\JkI��l{`S\WY|\]M]�c�H'�A� ]\alU[J�_YLrWkUu_`IKS�SkLezO]\JkIO_E}!�BU[W`U%SVU[�\XM]\abIOX i?�l{`S\WY|\]M�eJVU
φi(x1, x2)

I�XVU[fh_\]\mMSVU�LeJTSM{e_\U%zOU[abL�c�J\XM]\Pg�rPR_\S\]\|M]\JMIui?W[Lr]\JML%]\alUuJTfKU�c[X\PQw
cePRfhIO_VU

vj
}"��LrcsUTzKceLrZ\zOJ\c[L I�]\_�#�zOJMX\]\XVU[SkL�SVU$�A]\�Y} � i�WYPQN`IKJML�SMLezK]\JMIK_\�eJ SVU�sU[fh]\zKSVU[JVU+�?{`S\WY|\]\��IAalU[X\WY]\XVU[S�z�m\IOXMceIOS�W[LrS\JM{`XE}

~�IOW`U)fnU[�\]\o)IOad�\XM]\�e_\]Mt�IOSkLeJML�X\IOo)IKS\]\I
uh
cePRc)ce]kNRU

uh =
N∑

i=1

uiφi,

WYPQN`IKJML
ui = uh(vi)

z�U)SMIK]\fhceIOzKJMS\]MJMIAcePRfn_YLrce],�VU[XVUuabIOJ\XM]�c�H'�A��}
�



��]\zKWYX\IOJkSVU[JVU�fnUuNRUvmVU ��� }�� � I�IKWYce]\csU[_YIKS\JMSVU,SVUM�EJMPgX\zK]\a uh ∈ V ⊂ H1
0 (Ω)
i

JVU[WuLrcsU�mMI

a(uh, φi) =
∑

e∈T
a(h)
e (uh, φi) = (f, φi)

fnU)c[zO�eWuL
1 ≤ i ≤ N. ��� }�� �

�BU[W`U��kLe_M{`mVU[csUuabI�zO]\zKJMIKalU[JVU)LeJ�_M]\SMIKZ\S\]�U[_\�nIu�uX\]\m\S\],{`XVU[ceSkIOS\]\�

Au = f , ��� }�� �
WYPQN`IKJML

u = {ui}Ni=1

i

A = [aij]
N
i,j=1, aij = a(φi, φj)

]
f = {fi}Ni=1, fi = (f, φi).

� U[�VUufnceU[Z\WY] JMIKX\a?]\SML[_`L[�y]M�eJVUTcePRceIxN`IOSVUT�\XM] U[S\U[_\]\fnU SVU zKJ\X\Lr]\JMIK_\S\] W[LrSMzKJkq
XM{`WY|\]\]Ei

A
�\XMLONQPg_kt�UucsU�NRU,zOI�SVU[X\]\m\U�alU[J\XM]\|VU'SVU,W[LrXVU[c[]\SVUMi5�\X\] S\U[Zk��L[�y�p]

�\X\IxNV�MLe_YLvt�IKS\]\��fnU+XVU[fh�r_YI tANQU[SVU[JVU)IO_M]\�\J\]\mMSVU��rXVU[SM]\m\SVU)fnUuNRUvmVUM}
���	��

��
������������������ �"!$#&%'�)(*�,+.-0/�1�2*�3/4��#657-98	��#:�

A ; �=<>�@?�5A!>/B� ;$C 1D���*!
E 5�� ; -F2 ; -9#&�HG'<)(*!'I$- CJ; �=�)(9-F?*#K-92 ; ��#:�3L��'M'��2 �N<O� ; �QPF!>/B! E � ;9; -	RTSU!'I��=!>L ; ��V2	�9I��$1W2��K!$# E (*�OM ; �&#&!$2F�	� ; �&/B��#&!�M�-9#&�XL��Y5A��Z[�9I�� ; � ; �@<�-*<�#&�)/4��#:�@\^]'R`_Oa>1
L��'M'��2	��#:�3\^]'Rb]�ac�KI ; ��dFef!'%$g[�&?�!'<�#:� ; !'I$� �'R

���	��

��
����������ihkjl�
+ ; !T/ C <�#&!cI ; �9<�#&! C g�- C �9G)5A<�-0/4�:/B!�M9�)( ; ��#:�DL��'M'��2	�

−∆u = −uxx − uyy = f, ��� }nm �
�*opM9��#&!�qX\^��ar!'%>(	�9<�#K#:�

Ω
�s�OM�- ; -92 ; - C �*I��'M�5���#

(0, 1)2 t \Q%)a ΓD = ∂Ω
1X#:R��OR

I'o*5FP
GY8 C (	��#:� E 5�� ; -98 �:<O� ; �$(*!u+N� ; -vPF!>/B! E � ;9; - E 5�� ; -F2 ; -wG'<)(*!'I$- CH; �yxv->57-�P
V(*� t \Q<zac#657-	� ; E G{(	��89- C #:�@�[?�!>(9Gu2*� ; �3I'o*5FP
G�5��9I ; !>/B�z5 ; �w/A5A�,+|��<>o�<:<�#&o}?*�	�

h = 1/(n+ 1)
R

�



.0/�� ���835F��?D�@A=�:?9�3�9�: F�:l4�=�@���:l4�: 9�:�;�6j=�:
	�@�9�:B/
�jNQSML'LeJ LezKSMLrceS\]\JkIp�\XMIO]\ab{s��IOzKJ\csU�SVU�H�����I�SkIO�nLrcsU[JVU�U[_\�nLyXM]\J\a?]\m\S\U'{kSM]kq
ceIKX\z�U[_MSMLezKJE}��!NQ]\JM]\ceSML[JML��MX\IxN`zOJVUuce�eSMI$SVUdcsU[X\]\U[|\]\LrS\SVUuJVU �0LrX\ab{e_\]MX\LrceW`U ]
_YLrWkUu_\SMLezKJ\JVU#SVU��sU[fh]\zOUANRU[ceU[JpcePRfhabLvt�SMLezKJpfnU IK��IKW`JM]\ceSVU�X\U[�eLeJVU�z�IK_`IKabIOSMJMS\]
alU[J\XM]\|\],SVU�WuLrXVU[ce]\S\UMiVW[Lr]\JkLpzOI�N`IK�j]\S\]MXVU[JEiVW`U[WYJML�zO_YIxNQceUM�

Ae = [ae;ij]
3
i,j=1, ae;ij = ae(φe;i, φe;j),

WYPQN`IKJML
φe;i, i = 1, 2, 3

z�Ud_YLyW`U[_MS\]\JMI$�sU[fh]\zKS\] �l{`S\WY|\]M]Ei�zOPRLeJ\ceIKJMzKJ\csUy�p] S\U
IO_YIKabIOS\J\U

e
}


 J�IO_YIOajIOS\JkS\]\JMI�alU[J\X\]\|M]
Ae
zOI�U[zOIKab�e_\]MXVU��r_YLe�sU[_\S\U[JVU alUuJ\X\]\|VU SVU WuLyX\Uyq

ce]\S\UMiVW`U[JML)IO_YIKabIOS\JM]\JMI ]\a zKI zn{`a?]\XVU[J,zASVU[J\XM{`�\ceU[SMI��ML)zO_YIxNQSM]\��U[_M�KLrX\]\JMPga��
do ie = 1, Ne

do i = 1, 3

do j = 1, 3

a(itop(ie, i), itop(ie, j)) := a(itop(ie, i), itop(ie, j)) + ae;ij

enddo

enddo

enddo
i

WYPQN`IKJML
Ne
I��uX\Le�eJ^S\U)IK_YIOabIKS\J\]\JkI LeJ�J\XM]VU[S\�v{e_\U[|\]\�eJ\U T i\U itop(ie, i) I�zKPgL[JkqceIKJMzOc[]\IOJkL+abI t�NV{�_YLrW`U[_\SVU[J\U#SMLrabIOX\U[|\]\�+SVU#c[Pgfh_\]\JkI�SVU#WYXVUuZ\S\]\JkI�IO_YIOabIKS\J\]�]

J\�uwkSVUuJVU��r_YLe�sUu_\SVU+SMLrabIKXVU[|\]\�M}QH�Lvt�IKa�NRU+zO],�\X\IxN`zKJVU[ce]Ma
itop
W`U[JML#NQc[{`abIKX\IOS

alU[zK]\c�z
Ne
X\IxNRU�]@�)zOJMPg_\�eUM}

������� 
 ���\~�IOW`UAXVU[fh�r_YIxNRU[abI!U[zKIOab�e_M]\XVU[SkI�SVU�alU[J\X\]\|\U[JVUASVU�W[LrXVU[ce]MSVU�fKU�{`XVU[cyq
SMIKS\]\IKJML −∆u = f

c#L[�e_VU[zKJ\JVU
Ω
LeJ �A]\�Y}V�k}k� zOPRLeJ\c[IOJMzKJ\ce]\I�z��MLrW`U[fnU[SVU[J\U�_YLuq

W`U[_\SVUA])�r_`L[�sU[_\SVUASMLrabIKXVU[|\]M�\ieJMLr�kLe_YLe�r]\�eJVU�SVUAa?X\I t U[JVUAzOIBLr�\]\zKcsU�LeJ�zK_YIxNQS\]\�
alU[zK]\c

itop
�

itop =




1 3 2

4 2 3

3 5 4

4 5 6



.

~�IOW`U)LeJ\�sIK_`I t�]\a�iQm\IAfnU#XVU[fh�r_YI t�NRU[SML[JML)abLON`IO_MSML#NQ]\�0IOX\IKS\|\]VUu_\SML){`XVU[ceSkIOS\]\Iui
�
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1
2

3

4

1 2

3

e

Ω

��]M�r{`XVUp�k� ��zOIOaj�e_\]\XVUuSMI�SVU+alU[J\X\]\|\U[JVU)SVU+W[LrXVU[ce]MSVUM}
IO_YIKabIOS\JkSVU[JVU�alU[J\X\]\|\U SVU�WuLrXVU[ce]\S\U fnU[ce]\zK]�z�UuabL�L[J�PR�y_M]\JMI�SVU�zKPgLeJMceIOJkS\]\�
J\X\]MPg�rPR_\S\]\WQ} ��PgZ,W`U[JML

Ω
I�zKPgzKJVU[ceIKSVU)LeJs��X\U[ceSML[�sIxNQX\IOSM]'�\XVUuceLePR�yPR_\S\]�J\XM]kq

PR�yPR_\S\]MWkUkiRJkL)cezO]\mMW`],IO_YIKabIOS\JkS\]�alU[JMX\]\|\],SVU+W[LrXVU[c[]\SVU�zOU+XVU[ceS\],SVU

Ae =
1

2




2 −1 −1

−1 1 0

−1 0 1


 .

� zO_YIxNQceUy��]MJMI�m\IKJ\]\X\] alU[JMX\]\|\] I��kLrWkUufKUuSMLTU[zOU[ab�e_M]\XVU[SkIOJML SVU �r_`L[�sU[_\SVUuJVU
alU[J\XM]\|VUMi WkUuJML

A(k) i k = 1, 2, 3, 4
�kLyW`U[fhcsU�X\IOf {e_MJVU[JVU�zK_`IxN SVUuJ\XM{`�\csU[SkIOJkL�SVU

IO_YIKabIOS\JkS\]\JkI�alU[J\XM]\|\],LeJ��\PgXMce]\JMI
k
IO_YIKabIOS\J\UM}g��_`IxN`LrcsUuJMIO_MSML

A = A(4) }

A(1)=
1

2




2 −1 −1

−1 1

−1 1




A(2)=
1

2




2 −1 −1

−1 2 −1

−1 2 −1

−1 −1 2




A(3)=
1

2




2 −1 −1

−1 2 −1

−1 4 −2 −1

−1 −2 3

−1 1




A(4)=
1

2




2 −1 −1

−1 2 −1

−1 4 −2 −1

−1 −2 5 −1 −1

−1 −1 2

−1 1




m


